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A Mirror Theorem for T -Equivariant Blowups
Jeff Brown
Abstract
Let E be a toric fibration arising from symplectic reduction of a
direct sum of line bundles over (almost-) Ka¨hler base B. Then each
torus-fixed point of the toric manifold fiber defines a section of the
fibration. Let La be convex line bundles over B, Aa smooth divisors
of B arising as the zero loci of generic sections of La, and α : B → E
a particular fixed-point section of E. Further assume the {Aa} to be
mutually disjoint.
We compute genus-0 Gromov–Witten invariants of the blowup of
E along α(
∐
aAa) in terms of genus-0 Gromov–Witten invariants of B
and of {Aa}, the matrix used for the symplectic reduction description
of the fiber of the toric fibration E → B, and the restriction maps
i∗Aa : H
∗(B)→ H∗(Aa).
Let
∑
DQ
DJDe( · ),La be the Euler(La)-twisted J-function of the
base, where the summation index runs over all curve classes in the im-
age of the push-forward iAa∗ : H2(Aa,Z)→ H2(B,Z). The Quantum
Lefschetz Theorem [5] relates it to the genus-0 Gromov–Witten in-
variants of the complete intersection Aa. The geometry of the present
blowup gives (indirectly, at least) a Gromov–Witten theoretic inter-
pretation to JDe( · ),La for all curve classes D in H2(B).
1 Formulations
1.1. Genus-0 Gromov–Witten invariants. Associated to an almost-
Ka¨hler manifold M are the moduli spaces M0,n,D of (equivalence classes
of) degree-D stable maps into M of genus-0 (possibly nodal) compact con-
nected holomorphic curves with n marked points. Two such stable maps
This work was supported by IBS-R003-D1.
1
(f ;C, x1, . . . , xn) and (f
′;C ′, x′1, . . . , x
′
n) are equivalent if there is a holo-
morphic automorphism φ : C → C ′ mapping marked points to marked
points and preserving the ordering, such that f = f ′φ. For a stable map
(f ;C, x1, . . . , xn), the degree-D condition reads f∗([C]) = D. Define the
genus-0 descendant potential of M to be the formal series
FM(t) =
∞∑
n=0
∑
D∈MC
QD
n!
∫
[M0,n,D ]
n∏
a=1
∞∑
k=0
ev∗a(tk)ψ
k
a ,
where [M0,n,D] denotes the virtual fundamental class of M0,n,D, MC—the
Mori cone of M , that is the semigroup in H2(M,Z) generated by classes rep-
resentable by compact holomorphic curves, QD—the element in the Novikov
ring (that is a power-series completion of the semigroup algebra of the Mori
cone) representing the degree D ∈MC, ψa — the 1st Chern class of the uni-
versal cotangent line bundle over M0,n,D formed by the cotangent lines along
the stable maps at the a-th marked point, eva — the map M0,n,D →M that
evaluates the stable maps at the a-th marked point, tk ∈ H∗(M,Q), k =
0, 1, 2, . . . ,—arbitrary cohomology classes ofM with coefficients in a suitable
ground ring Q (for the moment let it be the rational Novikov ring Q[[MC]]).
1.2. Toric fibrations. Let m = (mij |i = 1, . . . , K; j = 1, . . . , N) be an
integer matrix, and consider the action of TK on the Hermitian space CN
that, for each j = 1, . . . , N , multiplies the coordinate zj by
exp(
∑K
i=1mij
√−1θi). Let µ : CN → RN be the map given by
(z1, z2, . . . , zN )→ (|z1|2, |z2|2, . . . , |zN |2).
If themoment mapm◦µ has a regular value ω ∈ RK , then (m◦µ)−1(ω)/TK is
a symplectic manifold. This construction is called symplectic reduction. The
space (m ◦ µ)−1(ω)/TK is also denoted by CN//ωTK , and isequipped with
a canonical symplectic form, call it ω, induced by the standard symplectic
form on CN . Given complex line bundles L1, . . . , LN form the vector bundle
⊕Lj → B. Let us assume that T := TN is the structure group of the vector
bundle ⊕Lj as follows. All complex line bundles over B may be assumed to
have the unitary circle S1 as structure group, as they are induced by pullback
from the tautological line bundle over CP∞. Since the fiberwise moment
map is T -invariant it follows that the fiberwise symplectic reduction of ⊕Lj
is well-defined giving the toric fibration E → B. The ith coordinate θi on
the torus TK defines a circle bundle over E for which the expression
√−1dθi
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defines connection 1-forms in the bundle. Denote by −Pi the first Chern
class of the ith circle bundle over E, and −pi its restriction to a fiber. The
p1, . . . , pK classes are of Hodge (1, 1)-type by the Fubini–Study construction,
though they need not be Ka¨hler classes1. Let γ be any T -fixed point of
(m ◦ µ)−1(ω)/TK, and p ∈ (m ◦ µ)−1(ω) representing the TK-equivalence
class γ. The orbits TKp and Tp are then identical. It follows that there is
some coordinate subspace CK ⊂ CN with coordinates zj1 , . . . , zjK , containing
p, such that none of the coordinates zj1(p), . . . , zjK (p) vanishes. It will be
convenient to think of the T -fixed strata γ of E in terms of the corresponding
indices j1, . . . , jK . Define −Λj := cT1 (Lj) for j = 1, . . . , N . For each j =
1, . . . , N , the restriction of Uj =
∑K
i=1mijPi − Λj to a fiber is Poincare´ dual
to the jth coordinate divisor ((m◦µ)−1(ω)∩{zj = 0})/TK. The expressions
for the pullbacks P γi in terms of Λj may be summarized by the equations
γ∗Uj1 = · · · = γ∗UjK = 0. All bundles introduced thus far are T -equivariant,
so their Chern classes may be assumed to take values in the T -equivariant
cohomology group H∗T (E) with coefficient ring H
∗(BT,Q) = Q[λ1, . . . , λN ].
1.3. The cone LEα(A). Associated to the genus-0 Gromov–Witten the-
ory of M is a Lagrangian cone LM in a symplectic loop space (H,Ω) [5].
The space H = H+ ⊕ H− is a module over the ground ring Q. Pending
further completions, H consists of Laurent series in 1/z with coefficients in
H := H∗(M,Q), completed so that H+ consisting of elements of H [z] at
each order in Novikov’s variables , and H− := z−1H [[z−1]]. Identify each
q(z) =
∑
k=0 qkz
k ∈ H+ with the domain variables t0, t1, t2, . . . of FM by the
dilaton shift convention qk = tk − δk,1, k = 0, . . . ,∞. Take the ring of coef-
ficients for Novikov’s variables to be the (super-commutative) power series
ring (with coefficients in the field of fractions Q(λ) := Q(λ1, . . . , λN), in all
of our applications) in formal coordinates along H∗(M,Q), and require the
variables t0, t1, . . . to vanish when Novikov’s variables and the newly intro-
duced formal coordinates are all set to zero. This gives a Novikov ring Q that
is consistent with the formula for IEα(A) in our Main Theorem. Consider the
symplectic manifold T ∗H+ with standard symplectic form
∑∞
k=0 dpk ∧ dqk.
It is symplectomorphic to H with symplectic form
Ω(f , g) :=
1
2
Resz=0(f(−z), g(z))M ,
where (·, ·)M is the Poincare´ pairing.
1Section 1.6 gives a description of a toric manifold for which the class p3 is non-Ka¨hler.
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Let us implement this symplectomorphism via the map
(q, p) 7→
∞∑
k=0
qkz
k +
∞∑
k=0
pk(−z)−k−1.
Consider the graph of the differential of FM(t), which is a Lagrangian
submanifold in T ∗H+. From it we arrive at
L := {(q, p)|p = dtFM(t)}
by rigid translation in the direction of the dilaton shift. Thus L is also a
Lagrangian submanifold. Henceforth we consider L as a submanifold of H.
The work of Coates–Givental [5] establishes that L is a (Lagrangian) cone
with vertex at the (q, p)-coordinate origin; that is,
TfL ∩ L = zTfL ∀f ∈ L \ (0, 0).
In particular, each tangent space is preserved by multiplication by z. The
fact that L contains the (q, p)-coordinate origin is a special case of Getzler’s
[7], Coates–Givental’s [5] solution of Eguchi–Xiong’s, Dubrovin’s (3g−2)-jet
conjecture. The Lagrangian cone L in the torus-equivariant genus-0 Gromov–
Witten theory of Eα(A) lies in the symplectic loop space (H,Ω).
A point in the cone can be written as
F(−z, t) =
−1z+t(z) +
∑
n
∑
D,d,d˜
QDqdq˜d˜
n!
(ev1)∗
[
1
−z − ψ1
n+1∏
i=2
(ev∗i t)(ψi)
]
,
where (ev1)∗ denotes the virtual push-forward by the evaluation map ev1 :
(Eα(A))0,n+1,D → Eα(A), and t(z) =
∑∞
k=0 tkz
k is an element of H+ with
arbitrary coefficients tk ∈ H . Define the J-function to be the restriction of
F(−z, t) to values t0 ∈ H and to tk = 0 for all k > 0. For each f ∈ L there
is a unique t(f) ∈ H such that
zTfL ∩ {−z + zH−} = J(−z, t(f)).
The property of the set of all tangent spaces of L to be in 1-1 correspondence
with the set H , which is a finite-dimensional Q-module, is called overruled.
Let {φµ} be a basis of H∗(M) and {φµ} the Poincare´-dual basis. For each
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t ∈ H and for each open set U ∋ t, the J-function generates a module over
the algebra ΓU(⊕∞r=0(⊗rTtH)⊗Q(z−1)) of differential operators as follows,
z∂az∂bJ(z, t) = z∂a•tbJ(z, t),
where
a •t b :=
∞∑
n=0
∑
D∈MC
QD
n!
φµ
∫
[M0,n+3,D ]
ev∗1 φ
µ ev∗2 a ev
∗
3 b
n+3∏
i=4
ev∗i t
is the unital, associative, (super-) commutative quantum cup product. Ad-
ditionally, the J-function satisfies the string and divisor equations
z∂1MJ(z, t) = J(z, t) and z∂ρJ(z, t) =
∑
D
(ρ+ρ(D)z)JDM (z, t)∀ρ ∈ H2(M,Q),
respectively.
1.4. Twisted Lagrangian cones. The forgetful maps ftn+1 : M0,n+1,D →
M0,n,D induce the K-theoretic push-forward maps (ftn+1)∗ : K(M0,n+1,D)→
K(M0,n,D). Let V be a complex vector bundle over M . The evaluation maps
evn+1 : M0,n+1,D → M induce the (virtual-) bundles ev∗n+1 V, in terms of
which the (virtual-) virtual bundles
V0,n,D := (ftn+1)∗ ev∗n+1 V ∈ K(M0,n,D)
are defined. The fiber of V0,n,D over a stable map (f ; Σ, p) is
H0(Σ, f ∗V)⊖H1(Σ, f ∗V).
Given a characteristic class c(·), define the twisted Poincare pairing
(a, b)c(·),V := (a, c(V)b)M .
A point in the (c(·),V)-twisted cone can be written as
Fc( · ),V(−z, t) =
−1z+t(z) +
∑
n,D
QD
n!
(ev1)∗
[
c(V0,n,D) 1−z − ψ1
n+1∏
i=2
(ev∗i t)(ψi)
]
.
The overruled Lagrangian cone Lc(·),V in the (c(·),V)-twisted genus-0 Gromov–
Witten theory of M lies in the symplectic loop space (Hc(·),V ,Ωc(· ),V), where
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t(z) =
∑∞
k=0 tkz
k is an element ofHc(·),V+ := (HM)+ with arbitrary coefficients
tk ∈ Hc(·),V := HM . The examples we will consider are:
Example 1.4.1. c(·) = Euler(·), and V is a convex line bundle; i.e.,
H1(Σ, f ∗V) = 0; or equivalently, f ∗c1(V)(Σ) ≥ −1 for all genus-0 stable
maps (f ; Σ, p(Σ)) to M .
Example 1.4.2. c(·) = Euler−1T (·), and V is a complex vector bundle
with a hamiltonian torus action that decomposes V into a direct sum of
complex line bundles, each of which carries a non-trivial T -action.
1.5. Torus action on the blowup.
The blowup π˜ : Eα(A) → E along the divisor α(A) of the T -fixed section
α ⊂ E may be described as the result of surgery on E, as we now recall.
Define a map from a tubular neighborhood of the O(−1) bundle over the
projective bundle P(Nα(A)E) over α(A) to a tubular neighborhood of Nα(A)E
over α(A) as follows. Fiberwise, it is described by the standard blowup map
{(v, [l]) ∈ Cn × CP n−1 : l a line in Cn through the origin; v ∈ l} → Cn,
(v, [l]) 7→ v.
This map identifies T -equivariantly the complements of the 0-sections of
the total spaces of the preceding two vector bundles. Remove a tubular
neighborhood of Nα(A)E from E, and replace it by a tubular neighborhood
of the O(−1) bundle over P(Nα(A)E). The T -action on Eα(A) induces a T -
action on the moduli spaces of stable maps to Eα(A), which in turn induces a
T -action on the universal cotangent line bundles at each of the marked points.
We consider L, giving rise to A ⊂ B (as the zero locus of a generic section),
as T -equivariant with the trivial T -action. For a given T -fixed stratum ε of
Eα(A) and a line bundle V → B with a fiberwise T -action, we refer to the
restriction ε∗EulerT (V) ∈ H2T (ε,Q) ≃ H2(BT,Q)⊕H2(ε,Q) as the T -weight
of V at ε.
Example 1.5. If ε is a T -fixed stratum in the complement of the excep-
tional divisor, then take M = B ≃ ε and V = NεEα(A) in Example 1.4.2.
If ε is a T -fixed stratum in the exceptional divisor, then take M = A ≃ ε
in Example 1.4.2 and V to be the subbundle N ε of NεEα(A) where T acts
non-trivially.
1.6. Motivation. Let X be a compact symplectic toric manifold and
let T ⊂ (C∗)dimCX be the maximal unitary torus. The blowup of X along a
torus-invariant submanifold Y is again a toric manifold, BlYX . As we explain
in section 1.5, the action of T on X induces an action of T on BlYX . Thus,
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we may study T -equivariant genus-0 Gromov–Witten invariants of BlYX
directly using fixed-point localization. All faces of the moment polytope of
Y are faces of the moment polytope of X . The moment polytope of BlYX
admits a canonical inclusion into the moment polytope of X , for which all
faces of the moment polytope of BlYX \P(NYX) are contained in faces of the
corresponding same dimension of the moment polytope of X . Let v1, . . . , vm
be the primitive integer normal vectors to the codimension one faces of the
moment polytope of a toric manifold. Let m1, . . . , mK be a basis of the Q
vector space
{(a1, . . . am)|
m∑
i=1
aivi = 0},
consisting of primitive integer vectors. The toric manifold is then recovered
from symplectic reduction referred to the matrix m, whose row vectors are
m1, . . . , mK . By a mirror theorem of Givental [8] and its extensions [15], a
particular family of points on the Lagrangian cone of the genus-0 Gromov–
Witten theory of a toric manifold is given by an explicit formula in terms of
m1, . . . , mK . This project has its roots in the following instructive example.
Let E be the total space of the projective bundle
P(⊕3j=1O(−aj))

P2 A := {[0, z2, z3] ⊂ P2}? _oo
described by symplectic reduction with respect to the matrix
mX =
(
1 1 1 −a1 −a2 −a3
0 0 0 1 1 1
)
.
Let [0, 0, 1] be the section of E that maps each point x ∈ P2 to the point
[0, 0, 1] in the fiber over x. When X is the toric bundle E and Y is [0, 0, 1](A)
then a calculation gives
mblY X =
 1 1 1 −a1 −a2 −a3 00 0 0 1 1 1 0
1 0 0 1 1 0 −1
 .
In particular,
c1(TblYX) = “the pullback of c1(TX)” + 2P3.
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In fact our main theorem arises as a generalization of this example. Here we
are using the toric mirror theorems [8], [15], [4] as a guide to the structure
of genus-0 Gromov–Witten invariants more generally (following the initial
proposals of A. Elezi and A. Givental). Elezi’s work focused on projective
bundles [6]. In [10], Givental proposed a toric bundles generalization of
Elezi’s approach using toric mirror integral representations [8], [15]. This is
an ingredient in [4] and in the present work.
1.7. Organization of the text. We recall in section 2.2 the Atiyah–
Bott fixed-point localization Theorem which implies, in particular, that any
element of H∗T (Eα(A)) is uniquely determined by its restrictions to the T -
fixed strata ε of Eα(A). Points F(z) on the overruled Lagrangian cone of the
genus-0 T -equivariant Gromov–Witten theory of Eα(A) are certain H-valued
formal functions, which we study in terms of their restrictions {ε∗F(z)}.
As we recall [4] in section 5, the H− projection of each of the restrictions
ε∗F(z) consists of two types of terms. Namely, there are terms ii) that
form simple poles expanded as z−1 series about non-zero H∗T (B)-values of
z. The remaining terms i) are polynomial in z−1 at any given order in
formal variables t, t˜, q, q˜, τ, Q. The organising principle of the text,
formulated as Theorem 2, characterizes the Lagrangian cone of the genus-0
T -equivariant Gromov–Witten theory of Eα(A) in terms of two conditions
i) ii) on {ε∗F(z)}. The condition ii) says that the residues of ε∗F at its
simple poles at non-zero values of z are governed recursively with respect
to {ε∗F(z)}. The condition i) describes the remaining poles at z = 0 in
terms of a certain twisted Lagrangian cone of the stratum ε. The Main
Theorem gives a family of points IEα(A) whose restrictions we check satisfy
the conditions of Theorem 2. In section 6 we verify condition ii) for the
restrictions {ε∗IEα(A)} directly, using their defining formulae. In section 7 we
verify condition i) using transformation laws [5] of Lagrangian cones with
respect to the twisting construction from sections 1.4 and 1.5. A new aspect
of the present work relative to toric bundles is that ii) relates the series
{ε∗F(z)} that, according to condition i), lie in Lagrangian cones derived
from genus-0 Gromov–Witten invariants of B and of Aa, respectively. The
Quantum Lefschetz Theorem relates the Lagrangian cone associated to the
genus-0 Gromov–Witten theory of A with that of B. If the push-forward
iAa∗ : H2(Aa,Z)→ H2(B,Z) does not identify the Mori cone of Aa with that
of B, the opposite relation describing the Lagrangian cone of B in terms of
that of Aa is realised algebraically by the Birkhoff factorization procedure and
dividing by powers of z. Division by z does not preserve the Lagrangian cone,
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so we must then clear denominators on both sides. For each D ∈ MC(B),
denote the greatest power of z that we divide by up to order QD in this
process by htA(D). We work out an example where A is a smooth quintic
3-fold.
It suffices without loss of generality to assume that {Aa} is a single con-
nected manifold A, as regards most aspects of the project. In case there is a
subtlety, we address it as it arises.
1.8. T -fixed strata of Eα(A). The T -fixed strata of the blowup Eα(A)
are in comparison with those of E as follows. The stratum α(B) of E is
replaced by Blα(A)α(B) =: α˜, which is canonically diffeomorphic to α(B).
For each T -fixed section γ 6= α of E, the strata γ(B) of E is canonically
a stratum of Eα(A) that we also denote by γ(B). Lastly, there are T -fixed
strata of Eα(A) that have no counterpart in E. Namely, each T -equivariant
line bundle summand of Nα(A)E gives rise to a T -fixed section over A in the
exceptional divisor. In particular, the summand i∗AL gives rise to a section
[1, 0, . . . , 0] := P(Nα(A)α(B)) ⊂ α˜
over A in the total space of the exceptional divisor. As we will see in section
2.2, the relation between π˜∗α∗prE and α˜
∗ is
α˜∗ − π˜∗α∗prE = [1,~0]∗,
where prE is the projection ofH
∗(Eα(A)) onto H
∗(E), and π˜ is the blowdown.
From now on let the symbol γ stand for the T -fixed strata denoted γ above,
or for α˜(B\A). Let us denote the situation of a torus fixed point β connected
to α by a 1-dimensional edge of the momentum polyhedron of a fiber of E, by
β ∼ α. In this case |α∪β| = K+1, |α∩β| = K−1, and Cα∪β//TK =: CP 1α,β.
Let j−(α, β) be the coordinate from α \ α ∩ β and j+(α, β) the coordinate
from β \ α ∩ β. Similarly, we have the notation α(β, j−) and β(α, j+). In
the next section we enhance this description of the T -fixed points of E to a
description of the T -fixed points of Eα(A).
2 Geometry of Eα(A)
2.1. Geometric preliminaries and decomposition of cohomology.
The action of T on E decomposes i∗α(A)TE/Tα(A) into a direct sum of 1-
dimensional eigenspaces,
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Nα(A)E = i
∗
α(A)TE/Tα(A) ≃ i∗α(A)Tα(B)/Tα(A)⊕ i∗α(A)NαE ≃
i∗AL⊕ i∗α(A)NαE.
Let jj+ be an ordering index of these eigenspaces, where the index value
jj+ = [1,~0] corresponds to the bundle i
∗
AL, and jj+ = j+ indexes the sum-
mand of NαE with T -weight α
∗Uj+. Denote the T -fixed section of P(Nα(A)E)
corresponding to the index jj+ by (α, jj+). In the l-blowup case we need
to include the index a, to denote the divisor of B we blow up along. The
strata (α, j+) is connected to the strata β(α, j+) by the T -invariant edges
CP 1(α,j+),β. Denote by χε,ε′ ∈ H2T (ε) the T -weight of TεCP 1ε,ε′.
Denote by π : Eα(A) → B the composition of π˜ : Eα(A) → E with the
projection to the base B. It is now mandatory that we introduce the diagram
Eα(A)
π

π˜

P(Nα(A)E)?
_oo (α, jj+)(A)?
_oo
E

α(A)? _oo
(α,jj+)
YY
B
α
\\
A? _oo
α
ZZ
Let N (α,jj+) be the normal bundle within Eα(A) to the T -fixed section over A
with index jj+ in P(Nα(A)E).
Proposition. The action of T on Eα(A) decomposes N
(α,jj+) into a direct
sum of T -equivariant line bundles, whose T -equivariant Euler classes are the
elements of the set
{−(α, jj+)∗Ujj+ + (α, jj+)∗Uj}j 6=jj+, /∈α∪
{−(α, jj+)∗Ujj+ + (α, jj+)∗c1(L)} ∪ {(α, jj+)∗Ujj+} , jj+ = j+,
{−(α, jj+)∗c1(L) + (α, jj+)∗Uj}j 6=jj+, /∈α ∪ {(α, jj+)∗c1(L)} , jj+ = [1,~0].
Let us now turn attention to the restriction mapH∗(Eα(A))→ H∗(π−1(A)).
Denote P˜ the T -equivariant Euler class of the OT (1) bundle on the ex-
ceptional divisor. By the Lerray-Serre theorem,
H∗(π−1(A)) ≃ H∗(A)[P˜ ].
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In the following section we extend the definition of P˜ to the entire blowup.
With this interpretation of P˜ , recall the isomorphism of vector spaces [12]
H∗(Eα(A)) ≃ H∗(E)⊕
(
H∗(π−1(A))/H∗(A)
)
,
where the quotient is an additive quotient and H∗(E) ≃ Im(π˜∗). On the
other hand, H∗(E) ≃ H∗(B)[P1, . . . , PK ]. The restriction of Pi to the excep-
tional divisor is i∗α(A)Pi.
The restriction map i∗A : H
∗(B) → H∗(A) and the Poincare pairing give
the orthogonal projection π⊥:
0 // Ker(i∗A)
// H∗(B) //
i∗A // Im(i∗A)
//
⊂

0.
H∗(A)
π⊥
YY
2.2. Fixed-point localization. For each ε ∈ ETα(A), the action of T on
Eα(A) decomposes NεEα(A) into a direct sum of 1-dimensional eigenspaces.
Denote by N ε the subbundle obtained by direct subtracting the direct sum-
mand where T acts trivially. Let UA,jj ∈ H2T (P(Nα(A)E)) be the T -equivariant
Poincare´ duals of the torus-invariant divisors on the exceptional divisor
P(Nα(A)E):
UA,jj =
{
P˜ + i∗α(A)α
∗Uj , jj = j /∈ α
P˜ + i∗α(A)c1(NAb) , jj = [1,
~0]
∈ H2T (P(Nα(A)E)).
The Atiyah–Bott Theorem says that the pairing of a class f ∈ HT (Eα(A))
against the fundamental class of Eα(A) is given by∫
Eα(A)
f =
∑
γ
∫
γ(B)
ResUj1=···=UjK=0
fdP1 ∧ · · · ∧ dPK
U1 · · ·Un det(dU/dP )+∫
(α,[1,~0])(A)
ResUA,[1,~0]=0
fdP˜∏
jj′+
UA,jj′+
+
∑
jj+ 6=[1,~0]
∫
(α,jj+)(A)
ResUA,jj+=0
fdP˜
−P˜ ∏jj′+ UA,jj′+ .
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Namely, we sum over each of the T -fixed strata ε ∈ ETα(A) the pairing of the
class
ε∗f
EulerT (N ε) ∈ HT (ε)
against the fundamental class of ε, where
EulerT (N ε) =: eε =

∏
j /∈γ γ
∗Uj ε = γ∏
jj+ 6=[1,~0]
(α, [1,~0])∗UA,jj+ ε = (α, [1,~0])
(α, j+)
∗(−P˜ ∏jj′+ 6=j+ UA,jj′+) ε = (α, j+).
Thus, denote P˜ the class in H∗T (Eα(A),Q(λ)) that restricts to the T -
equivariant Euler class of theOT (1) bundle on the exceptional divisor, and re-
stricts to zero at all T -fixed strata in the complement of the exceptional divi-
sor. This means in particular, that (α, [1,~0])∗P˜ = −i∗Ac1(L) and (π˜∗α∗prE)P˜ =
0.
In particular,
c1(TEα(A)) = π˜
∗c1(TE) + (N −K)P˜ .
Define a T -equivariant line bundle l˜ over the union of torus-invariant
edges of Eα(A) as follows. It restricts to the OT (1) bundle over the edges of
the exceptional divisor, restricts to the trivial bundle over the edges CP 1γ,γ′
and whose T -equivariant Euler class restricts to cT1 (T
∗CP 1(α,j+),β)+ π˜
∗Uj−(α,β)
over the edges CP 1(α,j+),β.
Proposition. The P˜ pairings on elements of H2(Eα(A),Z) take values
in Z.
Proof. The restriction of P˜ to the union of torus invariant edges coincides
with the class cT1 (l˜). Apply the Atiyah–Bott fixed-point localization Theorem
to the restriction of P˜ to the union of torus-invariant edges of Eα(A),
P˜ (d(α,j+),β) =
(α, j+)
∗P˜ − 0
χ(α,j+),β
= −1,
and P˜ (dα,β) = 0 for all β ∼ α. Thus, P˜ induces an element of H2(Eα(A),Z).
Proposition. Denote i : CP 1α,β → Eα(A) the inclusion map. The normal
subbundle
N α˜(B\A) = α˜(B \ A)∗TEα(A)/T α˜(B \ A)
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extends over CP 1α,β as TCP
1
α,β⊕j /∈α∪β lj, where lj are T -equivariant line bun-
dles with first Chern classes i∗π˜∗Uj.
Denote i : CP 1(α,j+),β → Eα(A) the inclusion map. The normal bundle
N (α,j+) = (α, j+)∗TEα(A)/T (α, j+)
extends over CP 1(α,j+),β as TCP
1
(α,j+),β
⊕j /∈α∪β lj, where lj are T -equivariant
line bundles with first Chern classes i∗π˜∗Uj+(c
T
1 (T
∗CP 1(α,j+),β)+i
∗π˜∗Uj−(α,β)).
Denote i : CP 1(α,j+),(α,jj′+)
→ Eα(A) the inclusion map. The normal bundle
N (α,j+) = (α, j+)∗TEα(A)/T (α, j+)
extends over CP 1(α,j+),(α,jj′+)
as TCP 1(α,j+),(α,jj′+)
⊕j /∈α, 6=j+,jj′+ lj, where lj are
T -equivariant line bundles with first Chern classes i∗π˜∗Uj + i
∗P˜ , while the
normal bundle
N (α,[1,~0]) = (α, [1,~0])∗(TEα(A)/T (α, [1,~0]))⊖ i∗AL
extends over CP 1
(α,[1,~0]),(α,j′+)
as TCP 1
(α,[1,~0]),(α,j′+)
⊕j /∈α, 6=j′+ lj, where lj are T -
equivariant line bundles with first Chern classes i∗π˜∗Uj + i
∗P˜ .
3 The htA function
Let P1, . . . , Pr be a basis ofH
1,1(B,Z), and Pr+1, . . . , Pr+2s a basis ofH
0,2(B,Z)
⊕H2,0(B,Z), with dual bases τ1, . . . , τr and τr+1, . . . , τr+2s. Let ϑ1, . . . , ϑv be
coordinates on H∗(B)/ < H2(B),+ >. Define
F{e(·),La}(−z, ϑ + τ) :=
∑
D∈MC(B)
QDFDB (−z, ϑ+ τ)
l∏
a=1
c1(La)(D)∏
m=1
(c1(La)−mz).
Quantum Lefschetz Theorem [5]. Suppose c1(L)(D) ≥ 0 ∀D ∈ MC(B),
or more generally that L is convex. Then for each ϑ + τ ∈ H∗(B) and for
each smooth family FB(−z, τ) ⊂ LB, the series modification
i∗AF˜e(·),L(−z, ϑ+ τ) :=
∑
D∈Im(iA)∗⊂MC(B)
QD×
i∗A
FDB (−z, ϑ+ τ) c1(L)(D)∏
m=1
(c1(L)−mz)

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lies in the image by π⊥ of the Lagrangian cone associated to the genus-0
Gromov–Witten theory of A with inputs from Im(i∗A).
Let us assume that FB(z, ϑ+τ) has the property (Div+Str primary) that
its dependence on τ1, . . . , τr+2s is of the form∑
D∈MC(B)
aD(z, ϑ)e
τ/zQDeτ(D),
where aD(z, ϑ) do not depend on τ1, . . . , τr+2s, are Laurent polynomials
in z valued in H∗(B,Q(λ)), and a0(z, ϑ) = e
ϑ/z. Then, both series
i∗AFe( · ),L(−z, ϑ+τ) =: zei∗APBt/z(1+B1q+B2q2+ . . . ) and i∗AF˜e( ·),L(−z, ϑ+
τ) =: zei
∗
APBt/z(1 + A1q
5 + A2q
10 + . . . ) have the property Div+Str primary.
Also assume that
i∗Ae
−(ϑ+τ)/zz−1i∗AF˜e( ·),L(−z, ϑ+ τ) = 1 +O(Q),
which is equivalent to the condition
i∗Ae
−(ϑ+τ)/zz−1Fe(·),L(z, ϑ+ τ) = 1 +O(Q).
Our goal is to prove well-definedness of the least positive integer function
htA : MC(B) → N such that, for each D ∈ MC(B), the truncation of
zhtA(D)i∗AFe( · ),L(z, ϑ+τ) mod (Q
D) is a formal linear combination of vectors
in the linear space
zTf(−z)(π
⊥LA) ⊂ π⊥LA mod (QD), where
f(z) := zhtA(D)i∗AF˜e( ·),L(−z, ϑ+ τ).
We now prove well-definedness of htA by giving a combinatorial algorithm
for computing it. We observe the following (Divisor-, String-) differential
equations
i∗APie
(ϑ+τ)/zQDeτ((iA)∗D) ={
(z∂τi − zPi(iA)∗D)i∗Ae(ϑ+τ)/zQDeτ(iA)∗D i = 1, . . . , r
z∂τii
∗
Ae
(ϑ+τ)/zQDeτ(iA)∗D i = r + 1, . . . , r + 2s
=: (~Pi)Di
∗
Ae
(ϑ+τ)/zQDeτ(iA)∗Di = 1, . . . , r + 2s.
For any polynomial φ in variables P1, . . . , Pr+2s, z with coefficients in Q, it
follows that
i∗Aφ(P1, . . . , Pr+2s, z)e
(ϑ+τ)/zQDeτ(iA)∗D =
φ((~P1)D, . . . , (~Pr+2s)D, z)i
∗
Ae
(ϑ+τ)/zQDeτ(iA)∗D.
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Identify the Mori cone of the base with Nr, and decompose Nr into hy-
perplanes:
Nr =
∞∐
c=1
∆c,
where
∆c := {(a1, . . . , ar) ∈ Nr|
r∑
i=1
ai = c}.
Let ι : Nr → N be any bijective map such that for each c < c′, x ∈ ∆c and
y ∈ ∆c′, it follows ι(x) < ι(y).
Define {Cn} recursively:
(1 +B1q +B2q
2 + . . . ) = (1 + C1q + C2q
2 + . . . )(1 + A1q
5 + A2q
10 + . . . ).
Define φn through the formula
i∗AF
ι−1(n)
e(·),L (z, ϑ+ τ) =
∞∑
n=0
Qι
−1(n)φn((
~P1)ι−1(n), . . . , (~Pr+2s)ι−1(n), z)
zdn
eτ(ι
−1(n))i∗AF˜e( ·),L(−z, ϑ + τ),
where dn is the (maximal) pole order of Cn at z = 0, so that
Cn =
eτ(ι
−1(n))
zdn
×(
φn(i
∗
AP1, . . . , i
∗
APr+2s, z) + φn−1(i
∗
AP1 − zP1(iA)∗ι−1(n− 1), . . . , z) + · · ·+
φ1(i
∗
AP1 − zP1(iA)∗ι−1(1), . . . , z)
)
.
Define
htA(ι
−1(n)) := max {{dn′}n′≤n, 0},
and
ht{Aa}(ι
−1(n)) := maxa htAa(ι
−1(n)).
Let FAa(−z, ϑ+τ) be the unique family of points of LAa for which π⊥FAa(−z, ϑ+
τ) = (−z)ht{Aa}(D′)i∗AaFe( ·),La(−z, ϑ + τ).
GAa(−z, ϑ + τ) := FAa(−z, ϑ+ τ)− π⊥FAa(−z, ϑ+ τ).
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GD{Aa}(−z, ϑ + τ) := ⊕la=1GDAa(−z, ϑ+ τ)
l∏
a′=1, 6=a
c1(La′ )(D)∏
m=1
(c1(La′)−mz).
Example. Let b = CP 4, L = O(5) → CP 4, and A ⊂ CP 4 a smooth
quintic 3-fold.
Let PB be the Ka¨hler generator of H
2(B,Z), and take FB(z, τ) to be the
J-function of CP 4 at the point τ = PBt,
FB(z, τ) = ze
PBt/z
∑
d=0
(qet)d
1∏d
m=1(PB +mz)
5
,
i∗AFe( ·),L(z, τ) = i
∗
Aze
PB t/z
∑
d=0
(qet)d
∏5d
m=1(5PB +mz)∏d
m=1(PB +mz)
5
mod P 4B =:
zei
∗
APBt/z(1 + B1q +B2q
2 + . . . ) ,
F˜e( ·),L(z, τ) = ze
PBt/z
∑
d=0
(qet)5d
∏25d
m=1(5PB +mz)∏5d
m=1(PB +mz)
5
,
i∗AF˜e( ·),L(z, τ) = i
∗
Aze
PBt/z
∑
d=0
(qet)5d
∏25d
m=1(5PB +mz)∏5d
m=1(PB +mz)
5
mod P 4B =:
zei
∗
APBt/z(1 + A1q
5 + A2q
10 + . . . ) .
Thus, we deduce the relation An = B5n mod P
4
B, ∀n ≥ 1. The coefficient of
zePBt/z(qet) in Fe( ·),L(z, τ) is
5∏
m=1
(5PB +mz)
(PB + z)
= 5
4∏
j=1
(5−j[1−(PBz−1)+(PBz−1)2−(PBz−1)3+(PBz−1)4]).
This latter series is easily expanded by the formal identity
5
4∏
j=1
(5− xj) = 5(54 − 53
4∑
j=1
xj + 5
2
∑
distinct j1,j2
xj1xj2−
5
∑
distinct j1,j2,j3
xj1xj2xj1 + x1x2x3x4).
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Thus, for example, the coefficient of (PBz
−1)0 of the series
∏4
m=1
(5PB+mz)
(PB+z)
is
5
4∑
k=0
(−1)k54−kSymk(1, 2, 3, 4).
where Symk(1, 2, 3, 4) :=
∑
distinct j1,...,jK∈{1,2,3,4}
j1 · · · jK . The remaining
powers of PBz
−1 are easily restored,
e−tB1 =
5∏
m=1
(5PB +mz)
(PB + z)
mod P 4B =
5
4∑
m=0
(−PBz−1)m
4∑
k=0
(−1)k54−kSymk(1, 2, 3, 4)×∑
(c1≥···≥ck)⊢m
|OrbitSk(c1, . . . , ck)| mod P 4B.
e−t
Bn
Bn−1
=
5n∏
m=5(n−1)+1
(5PB +mz)
(PB + nz)
mod P 4B =
5
4∏
j=1
(5− j
n
[1 − (PBz
−1
n
) + (
PBz
−1
n
)2 − (PBz
−1
n
)3 + (
PBz
−1
n
)4]) mod P 4B =
5
3∑
m=0
(−PBz
−1
n
)m
4∑
k=0
(−1)k54−kSymk(
1
n
,
2
n
,
3
n
,
4
n
)×∑
(c1≥···≥ck)⊢m
|OrbitSk(c1, . . . , ck)|.
The latter formulae determine {An} and {Bn} respectively. Then,
(1 + C1q + C2q
2 + . . . )(1 + A1q
5 + A2q
10 + . . . ) = (1 +B1q +B2q
2 + . . . )
determines {Cn} recursively:
Cn = Bn − Cn−5A1 − Cn−10A2 − . . . .
For each n ≥ 1, dn is the maximal power of PB in the Bn series. Thus, dn = 3
for all n ≥ 1.
Proposition. If B is CP n, if A is the zero locus of a generic section of
a convex line bundle L over B, if FB is the J-function of B, and if the class
(c1(TB)− c1(L)) of the base is nonnegative as a functional on MC(B), then
htA(D) = (c1(TB)− c1(L)) ∩D + (dimCB − 1) ∀D ∈MC(B) \ 0.
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4 Main results
4.1. The I-function. Upon extension of scalars Z ⊂ Q of homology groups,
the Mori cone of Eα(A) includes intoH2(Eα(A),Q). Given D˜ ∈ H2(Eα(A),Q) or
D˜ ∈ MC(Eα(A)), define D := π˜∗(D˜), D := π∗(D˜), di := Pi(D˜), d˜a := P˜a(D˜),
and these values uniquely determine D˜.
Henceforth we use the Gamma-function convention:
n∏
m=1
(U +mz) :=
n∏
m=−∞
(U +mz) /
0∏
m=−∞
(U +mz).
Main Theorem. Let E be a toric fibration over base B, whose fibers are
not copies of the point, and let α : B → E be a T -fixed section. Let La
be convex line bundles over B, and Aa smooth divisors of B arising as the
zero loci of generic sections of La. Further assume the {Aa} to be mutually
disjoint. Case 1: If the push-forwards iAa∗ : H2(Aa,Z) → H2(B,Z) do not
identify the Mori cone of Aa with that of B, then for each D
′ ∈MC(B), for
each (t, t˜), for each τ ∈ H∗(B) and for each smooth family FB(−z, τ) ⊂ LB
with the property Div+Str primary, the truncation mod (QD
′
) of the z → −z
version of the series IE∐
a Aa
(z, t, t˜, τ, q, q˜, Q) ⊂ (a completion2 of) H defined
by
IE∐
a Aa
(z, t, t˜, τ, q, q˜, Q) = ePt/zeP˜ t˜/z
∑
d∈ZK ,d˜∈Zl,D∈MC(B)
(qet)d(q˜et˜)d˜QD(zht{Aa}(D
′)FD{e(·),La}(z, τ) +G
D
{Aa}
(z, τ))∏
j /∈{j+(α,β)|α∼β}
∏Uj(D)
m=1 (Uj +mz)
×
1∏
j∈{j+(α,β)|α∼β}
∏Uj(D)+∑la=1 d˜a
m=1 (Uj +
∑l
a=1 P˜a +mz)
×
1∏ℓ
a=1
∏
c1(La)(D)+d˜a
m=1 (c1(La) + P˜a +mz)
×
1∏l
a=1
∏−d˜a
m=1(−P˜a +mz)
2by an extension of the Novikov ring of Eα(A). See the first example of the Main
theorem and the second Remark in section 6.
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lies in the truncation mod (QD
′
) of the Lagrangian cone associated to the
genus-0 Gromov–Witten theory of the blowup within E of α(
∐
aAa). Case
2: If the push-forwards iAa∗ : H2(Aa,Z)→ H2(B,Z) identify the Mori cone
of Aa with that of B, then ht{Aa}(D
′) = 0∀D′ ∈ MC(B), and the preceding
series lies in the preceding cone without any truncation condition on either,
and without assuming the property Div+Str primary for the smooth family
FB(−z, τ) ⊂ LB.
Remark. When the fibers are copies of the point then we omit the sum
over d˜ and we set P˜ to zero, since the projective fibers are also copies of
the point. Keeping these interpretations in mind, the theorem remains true
when the fiber of the toric fibration is the point. The theorem reduces to the
statement FB ⊂ LB.
Remark. The natural generalization of the Main Theorem to the case of
several T -fixed sections of E coincides, at a first level of analysis, with the
natural generalization of the mirror theory of section 7.
Remark. The proof of Theorem 2 indicates the dependence of points of
LE upon domain variables from H∗(A).
Conjecture. The dependence on domain variables
(u, . . . , u) ∈ ⊕jj+H∗((α, jj+))/H∗(A)
may be incorporated into the Main Theorem by replacing τ → τ + εF(τ, u)
in the argument of FB(τ, z) and i
∗
Aτ → i∗Aτ + u in the argument of GA(τ, z),
for some function εF : H
∗(B)⊕H∗(A)→ H∗(B), εF(τ, 0) = 0.
Some examples of the main Theorem.
1. Let B be a smooth toric variety obtained by TK-symplectic reduction
of CN and A a (nef) coordinate hyperplane divisor of B. An instance of
Eα(A) in this case is the example in section 1.6. If the bundle L is considered
as T 3-equivariant, then P˜ is T 6-equivariant. The class P3 ∈ H2T 7(Eα(A)) is
not the same equivariantly as P˜ ∈ H2T 6(Eα(A)). Modulo this difference, the
series of the Main Theorem is an extension outside the Novikov ring of the
series of the toric mirror theorems, in the same example and generally for
symplectic toric manifolds [8], [15], [4].
2. Let B be P2 × (P2)∗, L = OP2(1) ⊗ O(P2)∗(1) and A the manifold of
complete flags in C3.
Corollary. Let E be a toric fibration over base B, whose fibers are not
copies of the point, and let α : B → E be a T -fixed section. Then for each
(t, t˜), for each τ ∈ H2(B) and for each smooth family FB(−z, τ) ⊂ LB, the
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z → −z version of the series
IEα(z, t, t˜, τ, q, q˜, Q) = e
Pt/zeP˜ t˜/z
∑
d∈ZK ,d˜∈Z,D∈MC(B)
(qet)d(q˜et˜)d˜QDFDB(z, τ)∏
j /∈{j+(α,β)|α∼β}
∏Uj(D)
m=1 (Uj +mz)
×
1∏
j∈{j+(α,β)|α∼β}
∏Uj(D)+d˜
m=1 (Uj + P˜ +mz)
×
1∏−d˜
m=1(−P˜ +mz)
lies in the Lagrangian cone associated to the genus-0 Gromov–Witten theory
of the blowup within E of α(B).
Application to codimension > 1 subvarieties A ⊂ B. Let E →
B be a symplectic reduction of a direct sum of line bundles pulled back from
A, and B → A a symplectic reduction of a direct sum of line bundles also
pulled back from A. T -fixed sections α1 : A → B and α2 : B → E may
be considered as index subsets, respectively. The disjoint union of index
subsets defines a T -fixed section α1
∐
α2 : A → E. Then Corollary applies
to Blα1
∐
α2(A)E, where the matrix used for the symplectic reduction is block
diagonal with a block for each of the fibers.
5 The T -equivariant cone LEα(A)
5.1. Localization of stable maps. The work of Graber–Pandharipande
[11] justifies the fixed-point localisation technique for computing integrals
of T -equivariant cohomology classes over virtual fundamental cycles in the
moduli spaces of stable maps to Eα(A). Here the T -equivariant normal “bun-
dle” to a T -fixed stable map is actually a virtual (orbi-) virtual bundle in
T -equivariant K-theory. The connected components of the T -fixed loci in
the moduli spaces of genus-0 stable maps are fiber products of moduli spaces
of genus-0 stable maps into the T -fixed strata of Eα(A). Let C be a leg of Σ;
i.e., an irreducible component of Σ that maps surjectively to a T -invariant
edge of Eα(A). The fiber product is defined by reference to the curves from
ε0,n,D, from ε
′
0,n,D and toric edges f(C). The image points f(0) and f(∞)
coincide with the images of the marked points of stable maps from ε0,n,D and
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from ε′0,n,D in their roles as nodal points. There is also the case that either
0 ∈ C or ∞ ∈ C may be a marked or unmarked point of Σ, not connecting
C to any other curve component of Σ.
There are three disjoint cases to consider, depending upon how the 1-
dimensional TC orbit f(C) intersects the exceptional divisor. Equivalently,
these cases are distinguished by the blowdown image of the point set f(C).
Firstly (2.bb), the projection of the toric edge along the blowdown map is
again a toric edge at each point of the given fiber product. Suppose that
the two strata connecting a toric edge map via the blowdown to the T -fixed
sections α and β. The factor of the fibre product given by genus-0 stable maps
into α˜ := Blα(A)α(B) ≃ α(B) can be non-compact, as follows. Given a toric
edge connecting Blα(A)α(B) \ P(Nα(A)α(B)) to β(B \A), the nodal point in
α(B \A) is unable to enter the exceptional divisor. The Atiyah–Bott formula
implies that the correct cohomology group to use for the non-compact space
Blα(A)α(B)\P(Nα(A)α(B)) is the pullback to H∗(Blα(A)α(B)\P(Nα(A)α(B)))
of H∗(B). A similar case to consider is when the toric edge connects to
γ, γ′ ≃ B, where γ 6= γ′.
Secondly (2.ab), the torus-fixed points of the toric edge connect to the
rest of the T -fixed stable map at β(A) and at (α, j+)(A). In this case too,
the blowdown image of the toric edge is also a toric edge.
Third (2.aa), the toric edge is contracted by the blowdown map at each
point of the given fiber product. The torus-fixed points of the toric edge con-
nect to the rest of the T -fixed stable map at (α, jj+)(A) and at (α, jj
′
+)(A).
There are three types of terms that contribute to the series ε∗F(z, t).
Namely, the polynomial term ε∗t(z)− z, and then two types of contributions
to the H− projection of the series ε∗F(z, t). Given a T -fixed stable map
to Eα(A), which we denote by (f ; Σ, p(Σ)), let C be the smooth irreducible
component of Σ that contains the first marked point of the source of the stable
map. In order for the stable map [f ; Σ, p(Σ)] to contribute to ε∗F(z, t), f
must map the first marked point into the stratum ε. The latter two types of
contributions are determined by whether
i) All points of C are mapped by f into the T -fixed stratum ε. In this
case let C ′ be the maximal connected subset of Σ containing C that maps to
ε, and let D′ = f∗[C
′] ∈ H2(ε,Z).
ii) C maps to a T -invariant CP 1 in Eα(A) connecting T -fixed strata ε
and ε′. Let us assume that, in the normalization of Σ, C is a CP 1 with two
marked points—which we may take to be 0 and∞ via the action of PSL2(C)
on CP 1—, that there is a marked point of Σ at 0 ∈ C, and that the marked
21
point at ∞ corresponds to a node of Σ. Thus the stable map takes C to a
CP 1ε,ε′, maps the first marked point of Σ at 0 ∈ C to ε and maps∞ to a nodal
point of the stable map at ε′, and as it follows from the work of Kontsevich
[16], is given by f([z, w]) = [zk, wk] ∈ CP 1ε,ε′.
The group of automorphisms of C that fix 0 and∞ is C∗ : Aut(C; 0,∞) ≃
C∗.
The equivalence class of (f ;C, 0,∞) is T -fixed; i.e., there is a 1-dimensional
linear representation
ϕ : T :→ Aut(C; 0,∞)
such that for all h ∈ T ,
hf([z, w]) = f([ϕ(h)z, w]) = [ϕk(h)zk, wk] ∈ CP 1ε,ε′.
The weight of the T -representation ϕ is
χε,ε′
k
, since the T weight on the
LHS is χε,ε′. The map ϕ induces a representation of T on T0C, and therefore
the T -weight of the cotangent line bundle at the 1st marked point of Σ (i.e.,
of 0 ∈ C) is −χε,ε′
k
. The virtual normal bundle
H0(Σ, f ∗N ε)⊖H1(Σ, f ∗N ε)⊖ (LieAut(Σ; p(Σ)) ∩H0(Σ, f ∗N ε))
to the T -fixed stable map with source Σ decomposes into :
(i) The virtual normal bundle over the stable map with source Σ′ :=
Σ \ C, and
(ii) A virtual vector space
Nε,ε′(k) ≃ H0(C, f ∗N ε)⊖H1(C, f ∗N ε)⊖ LieAut(C; 0,∞)⊖N ε′
over the point [f ;C, 0,∞]. This virtual vector space is the fiber of a virtual
bundle. We use the same notation for the bundle as for the fiber.
There is a subtlety to address here. Namely, we first meet H1(Σ, f ∗lj)
in the deformation theory description of the virtual normal bundle. The
description of this cohomology group in terms ofH1(C, f ∗lj) and H
1(Σ′, f ∗lj)
requires some work. Consider a contractible neighborhood of the node in Σ
where C meets Σ′. Recall that w is a local coordinate in C centered at the
node, and denote by z′ a local coordinate on Σ′ centered at the node. Then,
the local coordinate expression
dw ∧ dz′
d(wz′)
=
dw
w
− dz
′
z′
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defines a regular non-vanishing 1-form in the contractible neighborhood of
the node. We pull this 1-form back along the map that normalizes the node,
and denote ωC the restriction to C and ωΣ′ the restriction to Σ
′. Observe
that ωC has a simple pole at w = 0, and ωΣ′ has a simple pole at z
′ = 0.
Thus, we arrive at the (dual vector space of the) space of global sections of
T ∗C ⊗ f ∗l∗j and of T ∗Σ′ ⊗ f ∗l∗j with allowed simple poles at w = 0 and at
z′ = 0, respectively. These spaces of sections may be compared to the spaces
H0(C, T ∗C⊗f ∗l∗j )∗ and H0(Σ′, T ∗Σ′⊗f ∗l∗j )∗ via the exact sequences defined
by the residue maps about z′ = 0 and about w = 0, respectively. Thus, we
may consider (ii) as a result (see [4] for example) rather than as a definition.
5.2. A key ingredient of Theorem 2. Let C ′ have the same meaning
as in section 5.1 case i), and reserve the notation C for case ii) except that
the first marked point will also be allowed the role of nodal point of Σ in
C ′. The connected component of [f ; Σ, p(Σ)] in the space of T -fixed stable
maps into Eα(A) is described as a fiber product of stable maps into the T -
fixed strata of Eα(A). A tree with root C may connect, via a nodal point, to
stable maps C ′ → ε carrying the first marked point of Σ. The smoothing of
such a node deforms [f ; Σ, p(Σ)] away from the locus of T -fixed stable maps
into Eα(A). The inverse T -equivariant Euler class of the latter smoothing
mode is given by 1/(−ψ• + χε,ε′/k) where • is the smooth point of C ′ in the
normalization of Σ that corresponds to the latter nodal point of (f ; Σ, p(Σ)).
Its presence is required by the fixed-point localisation technique. The tree
with root C yields a cohomology class of B that is proportional to 1/(−z +
χε,ε′/k) in contribution to the terms of type ii) in ε
∗F(z). Let us observe
that if we substitute z → ψ•, then we get the T -equivariant Euler class
1/(−ψ• + χε,ε′/k) of the latter smoothing mode. Let us integrate last over
the moduli of [f |C′, C ′, p(C ′)] where C ′ is defined as in i). The precedingly
described nodal attachments to C ′ yield terms of type i) in ε∗F(z).
If the tree with root C is rooted at α˜ there are two possible ways f(C)
can intersect with the stratum α˜ at f(0), according to the decomposition
α˜∗ = [1,~0]∗ + π˜∗α∗prE. Namely, the pullback [1,~0]
∗ constrains f(0) to lie
in [1,~0](A), while π˜∗α∗prE may be interpreted as constraining f(0) to lie in
α˜ \ P(Nα(A)α(B)).
Define
tε(z) := ε∗t(z)− z + “the sum of all contributions to ii) where
the first marked point of Σ is contained in C”.
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Let Hε+ be the completion of H(Euler
−1
T (·),N
ε)
+ (Example 1.5) by allowing ad-
ditional additive terms that are infinite z series at each order in Novikov’s
variables, of the form a
∑∞
n=0(χ/k)
−bnzn where bn ≥ n+1 and a ∈ H∗(B,Q).
Denote by Fε restrictions ε∗F of F where tε(z) is expanded in non-negative
powers of z. The preceding observations establish that Fε(z, τ) ⊂ Hε is
the point of the (Euler−1T (·),N ε)-twisted Lagrangian cone of ε with input
z + tε(z) ∈ Hε+. Let us denote this Lagrangian cone contained in Hε by Lε.
5.3. Recursion.
The sheaf cohomology groups H i(C, f ∗N ε) decompose as
H i(C, f ∗N ε) = H i(C,⊕jf ∗lj) ≃
⊕jH i(C, f ∗lj) ≃⊕j H i(C,O([f ∗c1(lj)] ∩ [C])).
If f ∗c1(lj)[C] ≥ 0, then a basis of H0(C, f ∗lj [C]) is given by zf∗c1(lj)[C], . . . , 1.
In the present deformation problem z is a section of the OC(1) bundle,
so T acts on z in the representation ϕ∗ with weight −χε,ε′
k
. The sections
zf
∗c1(lj)[C], . . . , 1 may be realized explicitly as deformations of [f ; Σ, p(Σ)], as
in [4]. Namely, each point of Eα(A) lies in either the normal bundle to the
exceptional divisor, or its complement—both of which are toric bundles.
If Uj(dα,β) is negative, then we describe the virtual summand H
1(C, f ∗lj)
by the Serre duality theorem, H1(C, f ∗lj) ≃ H0(C, T ∗C ⊗ f ∗l∗j )∗. If
(k, Uj(dα,β)) 6= (1,−1), then this is not the zero vector space. Otherwise, it
is the 0-vector space, in which case it does not contribute to H1(C, f ∗TX).
If Uj(dα,β) is negative, then {zmw−kU(dα,β)−m ⊗ ωC}−kUj(dα,β)−1m=1 is a basis of
the vector space H0(C, T ∗C⊗f ∗l∗j ) ≃ H1(C, f ∗lj)∗. This set, when restricted
to a contractible neighborhood of 0 ∈ C, has the same weights as does the
basis {zmdz
z
⊗ α∗l∗j}−kUj(dα,β)−1m=1 of the vector space 0∗H0(C, T ∗C ⊗ f ∗l∗j ) ≃
0∗H1(C, f ∗lj)
∗. Finally, apply the Proposition describing the lj to compute
Coeffε,ε′(k) = e
εEuler−1T (Nε,ε′(k)⊕N ε
′
).
Given two of the T -fixed strata ε and ε′ connected by an edge, define sub-
manifolds of each where the strata intersect with edges connecting the two
strata. The two submanifolds are diffeomorphic, call it Zε,ε′, by the connect-
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ing edges. Let us point out the role of each of the terms of
Fε
′
(−χε,ε′
k
, t) = −χε,ε′
k
+ β∗t(
χε,ε′
k
)+
ε′∗
∑
n′,D′,d′
QD
′
qd
′
n′!
(ev1)∗
[
1
−χε,ε′
k
− ψ1
n′+1∏
i=2
(ev∗i t)(ψi)
]
on the RHS of the recursion relation :
Oε,ε′ Resz=−χε,ε′
k
Fε(z) dkz =
O′ε,ε′ q˜kd˜ε,ε
′
qkdε,ε′Coeffε,ε′(k) F
ε′(−χε,ε′
k
),
where
Oε,ε′ =

Id ε ≃ ε′
π⊥ ε ≃ A, ε′ ≃ B
i∗Zε,ε′ ε
′ ≃ A, ε ≃ B
and O′ε,ε′ =

Id ε ≃ ε′
i∗Zε,ε′ ε ≃ A, ε′ ≃ B
π⊥ ε′ ≃ A, ε ≃ B.
In order to proceed, choose a basis {φµ} of H∗(B), and denote by {φµ}
the Poincare´-dual basis. Let {ξµ′} be a basis of H∗(A) and {ξµ′} dual basis
vectors, which respects the orthogonal3 direct sum decomposition H∗(A) ≃
Im(i∗A) ⊕ (Im(i∗A))⊥. both direct summands are Im(i∗A)–modules. The role
of Oε,ε′, O′ε,ε′ is understood by observing that Coeff(α,j+),β(k) are valued in
Im(i∗A). Finally, denote
φ(µ,µ′) =
{
φµ ε ≃ B
ξµ′ ε ≃ A and φ
(µ,µ′) =
{
φµ ε ≃ B
ξµ
′
ε ≃ A.
Further, let us introduce “delta-functions” at the T -fixed strata ε: ele-
ments of H∗T (Eα(A),Q(λ)) given by
δε =

∏
j /∈ε Uj∏
j /∈ε ε
∗Uj
if ε ≃ B
∏
jj 6=ε UA,jj∏
jj 6=ε ε
∗UA,jj
if ε = [1,~0]
−P˜
∏
jj 6=ε UA,jj
−ε∗P˜
∏
jj 6=ε ε
∗UA,jj
if ε ≃ A, 6= [1,~0]
that satisfy
ε∗δε′ = δε,ε′1ε∀ε, ε′ ∈ ETα(A).
3with respect to (·, ·)A
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It follows then, by fixed-point localization, that {δεφ(µ,µ′)} and {eεδεφ(µ,µ′)}
are Poincare´-dual bases of H∗T (Eα(A),Q(λ)). Lastly, ∀a ∈ H∗((Eα(A))0,n+1,D),
(ev1)∗(a) =
∑
(µ,µ′),ε
eεδεφ
(µ,µ′)((ev1)∗a, δεφ(µ,µ′))Eα(A) =∑
(µ,µ′),ε
eεδεφ
(µ,µ′)(a, (ev1)
∗(δεφ(µ,µ′)))(Eα(A))0,n+1,D =
∑
(µ,µ′),ε
eεδεφ
(µ,µ′)
∫
[(Eα(A))0,n+1,D ]
a(ev1)
∗(δεφ(µ,µ′)).
Use the Poincare´ pairing on H∗(Eα(A)) to process
Oε,ε′(ev1)∗
[
1
z − ψ1
n+1∏
i=2
(ev∗i t)(ψi)
]
according to the above formula. Using fixed-point localization to compute
the integrals, we arrive at
Oε,ε′eεφ(µ,µ′)
∑
(µ,µ′)
∫
[Zε,ε′ ]⊗[(Eα(A))0,n+1,D−kdε,ε′
]
φ(µ,µ′)
k(z +
χε,ε′
k
)
Euler−1T (Nε,ε′(k))×
(π ev∞×π ev0)∗([∆Zε,ε′×Zε,ε′ ])
−χε,ε′
k
− ψ0
n+1∏
i=2
(ev∗i t)(ψi),
where [∆Zε,ε′×Zε,ε′ ] stands for the fundamental class of the diagonal in Zε,ε′×
Zε,ε′, the points ∞ ∈ C and 0 ∈ Σ′ lie in the normalization of Σ over the
nodal point where C meets Σ′ in Σ, and we have evaluated −ψ∞ = −χε,ε′k .
Rewrite this integral as follows,
Oε,ε′eεφ(µ,µ′)
∑
(µ,µ′),(ν,ν′)
∫
[Zε,ε′ ]
φ(µ,µ′)
k(z +
χε,ε′
k
)
Euler−1T (Nε,ε′(k)⊕N ε
′
)eε
′
φ(ν,ν
′)×
∫
[(Eα(A))0,n+1,D−kdε,ε′
]
ev∗0(δε′φ(ν,ν′))
−χε,ε′
k
− ψ0
n+1∏
i=2
(ev∗i t)(ψi),
to conclude with the terms of Fε
′
(−χε,ε′
k
) that involve the push-forward
(ev1)∗ : H
∗((Eα(A))0,n′+1,D′)→ H∗(Eα(A))
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on the RHS of the recursion relation. In particular, we see the appearance of
Coeffε,ε′(k) = e
εEuler−1T (Nε,ε′(k)⊕N ε
′
).
The virtual summand ⊖Tε′X ofNε,ε′(k) results from describing the virtual
bundle
H0(Σ, f ∗TX)⊖H1(Σ, f ∗TX)⊖ (LieAut(Σ; p(Σ)) ∩H0(Σ, f ∗TX))
in terms of related virtual bundles defined on the curve that normalizes the
node of Σ where C meets Σ′. Hence, if there is a marked point, rather than
a node, of Σ at ∞ ∈ C, then we add ⊕Tε′X to the formula for Nε,ε′(k). If
there is a node, rather than a marked point, of Σ at 0 ∈ C, then we add
⊖TεX to the formula for Nε,ε′(k).
Finally consider the case when a leg leaves a component of height 0, whose
only marked or nodal point lies in the component of height 0. This matches
with the dilaton shift term of Fε
′
(−χε,ε′/k) on the RHS of the recursion
relation.
5.4. Theorem 2.
Theorem 2. Points F(z) of the overruled Lagrangian cone of the T -
equivariant genus-0 Gromov–Witten theory of Eα(A) are characterized by
the conditions:
(1.a): F(α,jj+)(−z) ∈ L(α,jj+)A
(1.b): Fγ(−z) ∈ LγB
(2.bb) :
Res
z=−
γ∗Uj+
k
Fγ(z)dkz = qkdγ,γ′Coeffγ,γ′(k)F
γ′(−γ
∗Uj+
k
)
Coeffγ,γ′(k) =
k−1∏
m=1
(m
χγ,γ′
k
)
k∏
m=1
(−mχγ,γ′
k
)
∏
j /∈γ∪γ′
kUj(dγ,γ′ )∏
m=1
(γ∗Uj −mχγ,γ′
k
).
(2.ab) :
π⊥Res
z=
(α,j+)
∗P˜
k
F(α,j+)(z)dkz = i∗Aq˜
−kqkdα,βCoeff(α,j+),β(k)F
β(
(α, j+)
∗P˜
k
)
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i∗ARes
z=−
β∗Uj−
k
Fβ(z)dkz = π⊥q˜−kqkdα,βCoeffβ,(α,j+)(k)F
(α,j+)(−β
∗Uj−
k
)
Coeff(α,j+),β(k) =
i∗A
k−1∏
m=1
(m
χα,β
k
)
k∏
m=1
(−mχα,β
k
)
∏
j /∈α∪β
kUj(dα,β)−k∏
m=1
(P˜ (α,j+) + α∗Uj −mχα,β
k
)×
k∏
m=1
(−P˜ (α,j+) −mχα,β
k
).
(2.aa) :
Res
z=−
(α,jj+)
∗U
A,jj′
+
k
F(α,jj+)(z)dkz =
q˜kCoeff(α,jj+),(α,jj′+)(k)F
(α,jj′+)(−(α, jj+)
∗UA,jj′+
k
)
Coeff(α,jj+),(α,jj′+)(k) =
i∗A
k−1∏
m=1
(m
−α∗Ujj+ + α∗Ujj′+
k
)
k∏
m=1
(−m−α
∗Ujj+ + α
∗Ujj′+
k
)×
∏
jj /∈α,jj 6=jj′+
k∏
m=1
(P˜ (α,jj+) + α∗Ujj −m
−α∗Ujj+ + α∗Ujj′+
k
)×
−k∏
m=1
(−P˜ (α,jj+) −m−α
∗Ujj+ + α
∗Ujj′+
k
)
We have established that every point on LEα(A) satisfies (1.a), (1.b) and
(2). Let us prove now that if series {Fε} satisfy these conditions, then they
represent a point in LEα(A).
Denote by −z + ε∗t(z) those terms in tε(z) that do not contribute to
the residue (ii). We will show that conditions (i) and (ii) for {Fε} describes
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an infinite sum over finite trees, with weights assigned to edges and vertices
according to the same rules that one finds in fixed point localization of the
point F(−z) on LEα(A) whose projection to H+ is {−z + ε∗t(z)}. Each finite
tree will have a prescribed height, and will correspond to a particular element
of Hε. Let Fε(−z) denote the point of Lε that projects to ε∗t(z) − z along
Hε−.
Define the symbol [Fε(−z)]n inductively to be the sum over all weighted
trees of height n, as follows. Vertices are indexed by T -fixed ε′′ ∈ ETα(A).
A vertex at height 1 indexed by ε′ ∈ ETα(A) can connect by an edge e to a
vertex of height 0 indexed by ε ∈ ETα(A) provided that they are connected by
an edge. Associate an arbitrary positive integer ke ≥ 1 to such an edge e of
the tree. Associate the weight qkdε,ε′Coeffε,ε′(ke) to such an edge e, and the
weight F
ε′
(−χε,ε′
k
) to the vertex at height 1 indexed by ε′ ∈ ETα(A). When
there is only a vertex at height 0 at ε, assign the weight F
ε
(−z) =: [Fε(−z)]0.
When there is an edge e connecting a vertex at height 1 at ε′ to a vertex
at height 0 at ε, associate the weight 1
ke(−z+χε,ε′/ke)
(expanded in positive
powers of z) to the vertex at height 0 at ε. Then combine the weights at
height 0, the weight of the edge, and the weight at height 1 multiplicatively,
and denote the result by fkeε,ε′(−z). This assignment of weights is uniquely
implied by (ii), when we truncate Fε
′
(−χε,ε′/k) (within Lε) on the RHS by
replacing tε
′
(−χε,ε′/k) by ε′∗t(−χε,ε′/k). To see this, let us point out that
−z + ε∗t(z) is the truncation of tε(z) modulo its summands that contribute
to the residues ii).
Let F
ε,1
(−z) denote the point of Lε that projects to∑ε′∑ke>0 fkeε,ε′(−z)+
ε∗t(z)−z along Hε−, and define [Fε(−z)]1 := Fε,1(−z)−ε∗t(z)+z. The terms
ε∗t(z) − z are subtracted to prevent duplication with [Fε(−z)]0. Suppose
[Fε(−z)]n−1 has already been defined and has been given an interpretation
as a sum over weighted trees, with the vertices of height n − 1 at ε′′ (con-
nected by an edge e to vertices at height n − 2 at ε′′′) assigned to weights
F
ε′′
(−χε′′′,ε′′/ke). Then define [Fε(−z)]n by using the same weighted trees as
for [Fε(−z)]n−1, but with the vertices of height n − 1 at ε′′ assigned to the
different weights F
ε′′,1
(−χε′′′,ε′′/ke). For each n ≥ 0, the vectors [Fε(−z)]n
by their very construction are contained in Lε, satisfy the residue condition
(ii) up to height n− 1, and are uniquely determined by {ε′′∗t(z)}ε′′∈ET
α(A)
.
Let us now turn to fixed point localization of the point F(−z) on LEα(A)
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whose projection to H+ is {−z + ε∗t(z)}. Consider any T -fixed stable map
(f ; Σ) that contributes to ε∗F(−z). Consider any component C ′′ ⊂ Σ that
maps to a T -fixed section of Eα(A). We define the height n of C
′′ to be the
unique number of distinct legs of (f ; Σ) that must be traversed by any path
starting at the first marked point of Σ, andending in C ′′. We define the
height n of a leg to be the unique number of legs that must be intersected
by a path starting at the first marked point of Σ andending in the interior
of the leg.
We will consider an increasing filtration on the set of T -fixed stable maps
that contribute to ε∗F(−z). Define the nth filtered part, [ε∗F(−z)]n, to
consist of all stable maps whose components have height at most n.
It follows immediately that for each n ≥ 0, the following elements of
Hε coincide, for a given initial condition ε∗t(z)—the contribution to fixed
point localization of Gromov–Witten invariants in ε∗F(−z) due to elements
of [ε∗F(−z)]n, and the sum of weighted trees constructed by (i) and (ii) that
contribute to [Fε(−z)]n.
6 Recursion
To prove the equivariant version of Theorem, it suffices to show that F =
IEα(A) satisfies conditions (1.a), (1.b) and (2) of Theorem 2. Define
UJ =

Uj ,J = j
UA,jj ,J = A, jj
P˜ ,J = “else”
∈ H2T (Eα(A)).
The hypergeometric modification IEα(A) is a (q, q˜, Q)-series whose coefficients
have simple poles at z = −ε∗UJ /k, finite order poles at z =∞, and essential
singularities at z = 0. Thus, we need to show that: (1.a) (α, jj+)
∗IEα(A) ∈
L(α,jj+), (1.b) γ∗IEα(A) ∈ Lγ, and (2) residues at the simple poles satisfy the
recursion relation of Theorem 2. We postpone (1.a), (1.b) until Section 7,
and deal with (2) here by computing the residues explicitly.
Our first goal is to argue that the series ε∗IEα(A) is supported in the Mori
cone of Eα(A), ∀ε 6= α˜(B \ A). The mechanism that insures this is to look
at the support of the factors 1∏UJ (D˜)
m=1 (UJ+mz)
of IEα(A)(z) for which ε
∗
UJ = 0,
∀J ∈ ε, ∀ε 6= α˜(B \ A).
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Proposition. Any element of MC(Eα(A)) may be represented by a curve
whose irreducible components are preserved by the action of T on Eα(A).
Proof. The action of T on Eα(A) is induced by that on E. Thus, we need
only prove the result for E. Extend the rows of (mij) to an integer basis
of ZN , each defining a unitary circle action S1l : E → E and a complexified
circle action C∗l : E → E. For each p ∈ E, denote (Xl,θ)p the tangent
vector at p induced by the S1l -action, and (Xl,r)p := −Jp(Xl,θ)p. Recall that
ωp(·, (Xl,θ)p) = dµp(Xl,θ)(·). Therefore, µp((Xl,θ)p) is an increasing function
along the flow lines ofXl,r and is constant along the flow lines of the remaining
N −K − 1 radial vector fields. Since the fibers of E are compact, it follows
that the flow lines of Xl,r must come to an end asymptotically, and this
happens at the points where Xl,r vanishes.
Gromov’s compactness theorem [13] guarantees that the limit set of the
flow of such a curve is a (possibly nodal) curve in E. Iterating this argument
for each of the flows, the result follows.
With the Proposition in place, let us now compare MC(Eα(A)) and
MC(Eα(B)). A first source of difference between the two comes from the
inclusion (α, jj+)∗iA∗MC(A) ⊂ (α, jj+)∗MC(B). Another difference is that
the T -invariant CP 1α(B\A),β(B\A) curves in Eα(A) do not have any geometric
analogues in Eα(B). However, the latter curve may be represented as the
sum of the class of a CP 1(α,j+),β and the class of a CP
1 in a fiber of the ex-
ceptional divisor. Thus all elements of Kerπ∗ have geometric analogues in
H2(fiber of Eα(B)).
Remark. Any curve from a fiber of Eα(B) has a geometric analogue in
π−1(A). The Uj ’s are determined by the geometry of E, and thus have the
same meaning whether pulled back to H2T (fiber of π
−1(A)) or to
H2T (fiber of Eα(B)). The class P˜ is determined
4 by the local geometry of
the exceptional divisor and thus has the same meaning whether referred to
H2T (fiber of π
−1(A)) or to H2T (fiber of Eα(B)).
(2.aa) Residue of F(α,jj+)(z) at z = −χ(α,jj+),(α,jj′+)
k
, k ≥ 1. Given D ∈
MC(B), rename di → d′i and d˜→ d˜′, and then redefine d′i and d˜′,
d˜′ = P˜ (α,jj+)(D) + d˜,
d′ = P α(D) + d.
4As a functional on the classes of T -invariant curves.
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Then, the pairings Uj(D) = Uj(d)− Λj(D) translate into Uj(d) + α∗Uj(D).
(α, jj+)
∗IEα(A) = i
∗
Ae
P˜ (α,jj+) t˜/zeP
αt/z
∑
D∈MC(B)
∑
d∈ZK ,d˜∈Z
(zhtA(D
′)FDe(·),L(z, τ) +G
D
A(z, τ))(Q
D q˜P˜
(α,jj+)(D)qP
α(D))qdq˜d˜ed˜t˜edteP˜
(α,jj+)(D)t˜eP
α(D)t∏
j /∈{j+(α,β)|α∼β}
∏Uj(d)+α∗Uj(D)
m=1 (α
∗Uj +mz)
×
1∏
j∈{j+(α,β)|α∼β}
∏Uj(d)+α∗Uj(D)+P˜ (α,jj+)(D)+d˜
m=1 (α
∗Uj + P˜ (α,jj+) +mz)
×
1∏−d˜−P˜ (α,jj+)(D)
m=1 (−P˜ (α,jj+) +mz)
×
1∏c1(L)(D)+P˜ (α,jj+)(D)+d˜
m=1 (c1(L) + P˜
(α,jj+) +mz)
.
Proposition. The series (α, jj+)
∗IEα(A) is supported in the Mori cone of
Eα(A).
Proof. For j+ := jj+ 6= [1,~0], the support of the series 1∏Uj+(α,β)(d)+d˜
m=1 mz
is
characterised by the inequality Uj+(α,β)(d) + d˜ ≥ 0. For each j ∈ α, the sup-
port of the series 1∏Uj(d)
m=1 mz
is characterised by the inequality Uj(d) ≥ 0. Let us
now argue that the set of solutions (d, d˜) to the same inequalities is contained
in Kerπ∗. By the comparison of Kerπ∗ with H2(fiber of Eα(B)), and by the
Remark, it suffices to establish the analogous result for H2(fiber of Eα(B)).
This follows from the Corollary and the same (strictly speaking, analogous)
inequalities that arise there, as a special case of a general result in toric
geometry describing the Mori cone in terms of inequalities.
For jj+ = [1,~0], the inequalities describing the support of the series are
Uj(d) ≥ 0∀j ∈ α and d˜ ≥ 0, whose solution set is “a subset ofMC(fiber of E)
⊂MC(Eα(A))” ⊕N·“the class of a CP 1 in a fiber of the exceptional divisor”.
Let us now factor and rewrite the terms of the residue of the above pull-
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back series at z = −χ/k as follows:
If jj+ = [1, 0˜] :
c1(L)(D)+P˜
(α,jj+)(D)+d˜∏
m=1
(c1(L) + P˜
(α,jj+) +m(−χ/k)) =
k∏
m=1
(0−mχ
k
)×
c1(L)(D)+P˜
(α,jj′+)(D)+P˜ (α,jj+)(D)−P˜ (α,jj
′
+)(D)+d˜−k∏
m=1
(c1(L) + P˜
(α,jj′+) −mχ
k
),
for jj′+ = j ∈ {j+(α, β)|α ∼ β},
Uj(d)+α
∗Uj(D)+P˜
(α,jj+)(D)+d˜∏
m=1, 6=k
(α∗Uj + P˜
(α,jj+) −mχ
k
) =
k−1∏
m=1
(χ−mχ
k
)×
Uj(d)+α∗Uj(D)+P˜
(α,jj′+)(D)+P˜ (α,jj+)(D)−P˜ (α,jj
′
+)(D)+d˜−k∏
m=1
(α∗Uj + P˜
(α,jj′+) −mχ
k
).
If jj+ 6= [1, 0˜] :
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If jj′+ = [1, 0˜],
c1(L)(D)+P˜
(α,jj+)(D)+d˜∏
m=1, 6=k
(c1(L) + P˜
(α,jj+) +m(−χ/k)) =
k−1∏
m=1
(χ−mχ
k
)×
c1(L)(D)+P˜
(α,jj′+)(D)+P˜ (α,jj+)(D)−P˜
(α,jj′+)(D)+d˜−k∏
m=1
(c1(L) + P˜
(α,jj′+) −mχ
k
),
Ujj+ (d)+α
∗Ujj+ (D)+P˜
(α,jj+)(D)+d˜∏
m=1
(α∗Ujj+ + P˜
(α,jj+) −mχ
k
) =
k∏
m=1
(χ−mχ
k
)×
Ujj+ (d)+α
∗Ujj+ (D)+P˜
(α,jj′+)(D)+P˜ (α,jj+)(D)−P˜ (α,jj
′
+)(D)+d˜−k∏
m=1
(α∗Ujj+ + P˜
(α,jj′+) −mχ
k
).
If jj′+ = j
′(α, jj+) ( 6= [1, 0˜]),
Uj′ (d)+α
∗Uj′ (D)+P˜
(α,jj+)(D)+d˜∏
m=1, 6=k
(α∗Uj′ + P˜
(α,jj+) −mχ
k
) =
k−1∏
m=1
(χ−mχ
k
)×
Uj′ (d)+α
∗Uj′ (D)+P˜
(α,jj′+)(D)+P˜ (α,jj+)(D)−P˜
(α,jj′+)(D)+d˜−k∏
m=1
(α∗Uj′ + P˜
(α,jj′+) −mχ
k
),
Ujj+ (d)+α
∗Ujj+ (D)+P˜
(α,jj+)(D)+d˜∏
m=1
(α∗Ujj+ + P˜
(α,jj+) −mχ
k
) =
k∏
m=1
(χ−mχ
k
)×
Ujj+ (d)+α
∗Ujj+ (D)+P˜
(α,jj′+)(D)+P˜ (α,jj+)(D)−P˜
(α,jj′+)(D)+d˜−k∏
m=1
(α∗Ujj+ + P˜
(α,jj′+) −mχ
k
).
The terms that come before the “ ×” sign are associated with the deforma-
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tions along TCP 1ε,ε′. The remaining factors
5 transform as:
c1(L)(D)+P˜
(α,jj+)(D)+d˜∏
m=1
(c1(L) + P˜
(α,jj+) +m(−χ/k)) =
k∏
m=1
(c1(L) + P˜
(α,jj+) −mχ
k
)×
c1(L)(D)+P˜
(α,jj′+)(D)+P˜ (α,jj+)(D)−P˜
(α,jj′+)(D)+d˜−k∏
m=1
(c1(L) + P˜
(α,jj′+) −mχ
k
),
For j ∈ {j+(α, β)|α ∼ β}, 6= jj′+,
Uj(d)+α∗Uj(D)+P˜
(α,jj+)(D)+d˜∏
m=1
(α∗Uj + P˜
(α,jj+) −mχ
k
) =
k∏
m=1
(α∗Uj + P˜
(α,jj+) −mχ
k
)×
Uj(d)+α
∗Uj(D)+P˜
(α,jj′+)(D)+P˜ (α,jj+)(D)−P˜
(α,jj′+)(D)+d˜−k∏
m=1
(α∗Uj + P˜
(α,jj′+) −mχ
k
),
for j /∈ {j+(α, β)|α ∼ β},
Uj(d)+α∗Uj(D)∏
m=1
(α∗Uj −mχ
k
) = 1×
Uj(d)+α∗Uj(D)∏
m=1
(α∗Uj −mχ
k
),
−P˜ (α,jj+)(D)−d˜∏
m=1
(−P˜ (α,jj+) −mχ
k
) =
k∏
m=1
(−P˜ (α,jj+) −mχ
k
)×
−P˜
(α,jj′+)(D)−P˜ (α,jj+)(D)+P˜
(α,jj′+)(D)−d˜+k∏
m=1
(−P˜ (α,jj′+) −mχ
k
),
5When a factor of the series Resz=−χ/kIEα(A)(z)dkz is repeated, as regards its appear-
ance in the above set of cases of values of jj+ and jj
′
+, use the transformation laws of the
above cases.
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(QDqP
α(D)q˜P˜
(α,jj+)(D))qdq˜d˜ = q˜k × (QDqPα(D)q˜P˜ (α,jj
′
+)(D))
qdq˜d˜−k+P˜
(α,jj+)(D)−P˜ (α,jj
′
+)(D),
exp
(
−(P
αt + P˜ (α,jj+)t˜)k
χ
)
exp(dt+ d˜t˜) exp(P α(D)t+ P˜ (α,jj+)(D)t˜) = 1×
exp
(
−(P
αt + P˜ (α,jj
′
+)t˜)k
χ
)
exp
[
dt+
(
d˜− k + P˜ (α,jj+)(D)− P˜ (α,jj′+)(D)
)
t˜
]
exp(P α(D)t+ P˜ (α,jj
′
+)(D)t˜).
In the last equality we use (P˜ (α,jj+) − P˜ (α,jj′+))/χ = 1 from 2.2.
Factors on the R.H.S. which come before the multiplication sign “ ×”
form the recursion coefficients q˜kCoeff(α,jj+),(α,jj′+)(k). Factors which come
after the multiplication sign form the term of the series F(α,jj
′
+) evaluated at
z = −χ/k and with the summation index d˜ replaced with d˜−k+P˜ (α,jj+)(D)−
P˜ (α,jj
′
+)(D). Reversing this change in the summation index, we conclude that
Res
z=−
χ
(α,jj+),(α,jj
′
+
)
k
F(α,jj+)(z) dkz =
q˜kCoeff(α,jj+),(α,jj′+)(k) F
(α,jj′+)(−χ(α,jj+),(α,jj
′
+)
k
),
as required.
(2.bb) Residue of Fγ(z) at z = −χγ,γ′
k
, k ≥ 1. Given D ∈ MC(B), and
γ 6= γ′, rename di → d′i and d˜→ d˜′, and then redefine d′i and d˜′,
d˜′ = P˜ γ(D) + d˜,
d′ = P γ(D) + d.
The pullbacks γ∗P˜ vanish. In particular q˜P˜
γ(D) = 1, and
d˜′ = d˜,
d′ = P γ(D) + d.
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Then, the pairings Uj(D) = Uj(d)−Λj(D) translate into Uj(d)+γ∗Uj(D).
γ∗IEα(A) = e
P γt/z
∑
D∈MC(B)
∑
d∈ZK ,d˜∈Z
zhtA(D
′)×
FDB (z, τ)(Q
DqP
γ(D))qdq˜d˜ed˜t˜edteP
γ(D)t∏
j∈{j+(α,β)|α∼β}
∏Uj(d)+γ∗Uj(D)+d˜
m=1 (γ
∗Uj +mz)
×
1∏
j /∈{j+(α,β)|α∼β}
∏Uj(d)+γ∗Uj(D)
m=1 (γ
∗Uj +mz)
×
1∏−d˜
m=1(mz)
∏d˜
m=1(c1(L) + c1(L)(D)z +mz)
.
Proposition. If γ 6= α˜(B \ A) then the series γ∗IEα(A) is supported in the
Mori cone of Eα(A).
Proof. The support of the series 1∏−d˜
m=1mz
is characterised by the inequality
−d˜ ≥ 0. The set {j+(α, β)|β ∼ α} coincides with the set {j /∈ α}. For
each j ∈ αc ∩ γ, the support of the series 1∏Uj(d)+d˜
m=1 mz
is characterised by the
inequality Uj(d) + d˜ ≥ 0. For each j ∈ α ∩ γ, the support of the series
1
∏Uj (d)
m=1 mz
is characterised by the inequality Uj(d) ≥ 0. The proof proceeds as
in the case of 2.aa (jj+ 6= [1,~0]).
Remark. For γ = α˜(B \ A), the inequalities describing the support of
the series are Uj(d) ≥ 0∀j ∈ α and d˜ ≤ 0, whose solution set is “a subset of
MC(fiber of E) ⊂ MC(Eα(A))” ⊕ − N·“the class of a CP 1 in a fiber of the
exceptional divisor”.
Since P˜ γ = 0 for all γ ∈ ET it follows that P˜ (dγ,γ′) = 0. Hence the
“index” d˜ does not transform presently. Thus, the asymmetry between the
factors indexed by j /∈ {j+(α, β)|β ∼ α} and j ∈ {j+(α, β)|β ∼ α} is removed
for the purposes of the present recursion process. It follows that the present
recursion process is identical to the toric bundles case [4],
Res
z=−
χ
γ,γ′
k
Fγ(z) dkz = qkdγ,γ′Coeffγ,γ′(k) F
γ′(−χγ,γ′
k
),
as required.
(2.ab) Residue of F(α,j+(α,γ))(z) at z = −χ(α,j+(α,γ)),γ
k
, k ≥ 1. Given D ∈
MC(B), rename di → d′i and d˜→ d˜′, and then redefine d′i and d˜′,
d˜′ = P˜ (α,j+)(D) + d˜,
37
d′ = P α(D) + d.
Then, the pairings Uj(D) = Uj(d)− Λj(D) translate into Uj(d) + α∗Uj(D).
(α, j+(α, γ))
∗IEα(A) = i
∗
Ae
P˜ (α,j+(α,γ)) t˜/zeP
αt/z
∑
D∈MC(B)
∑
d∈ZK ,d˜∈Z
(zhtA(D
′)FDe(·),L(z, τ) +G
D
A(z, τ))(Q
D q˜P˜
(α,j+(α,γ))(D)qP
α(D))qdq˜d˜ed˜t˜edteP˜
(α,j+(α,γ))(D)t˜eP
α(D)t∏
j /∈{j+(α,β)|α∼β}
∏Uj(d)+α∗Uj(D)
m=1 (α
∗Uj +mz)
×
1∏
j∈{j+(α,β)|α∼β}
∏Uj(d)+α∗Uj(D)+P˜ (α,j+(α,γ))(D)+d˜
m=1 (α
∗Uj + P˜ (α,j+(α,γ)) +mz)
×
1∏−d˜−P˜ (α,j+(α,γ))(D)
m=1 (−P˜ (α,j+(α,γ)) +mz)
×
1∏c1(L)(D)+P˜ (α,j+(α,γ))(D)+d˜
m=1 (c1(L) + P˜
(α,j+(α,γ)) +mz)
.
Let us now factor and rewrite the terms of the residue of the above pullback
series at z = −χ/k as follows:
−P˜ (α,j+(α,γ))(D)−d˜∏
m=1, 6=k
(−P˜ (α,j+(α,γ)) −mχ
k
) =
k−1∏
m=1
(χ−mχ
k
)×
γ∗Uj(D)+α
∗Uj(D)−γ∗Uj(D)−P˜
(α,j+(α,γ))(D)+0−d˜+k∏
m=1
(−0 −mχ
k
)
Uj−(α,γ)(d)+α
∗Uj−(α,γ)(D)∏
m=1
(α∗Uj−(α,γ) −m
χ
k
) =
k∏
m=1
(0−mχ
k
)×
Uj−(α,γ)(d)+γ
∗Uj−(α,γ)(D)∏
m=1
(γ∗Uj−(α,γ) −m
χ
k
),
The terms that come before the “ ×” sign are associated with the
deformations along TCP 1ε,ε′.
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For j ∈ {j+(α, β)|α ∼ β}, 6= j+(α, γ),
Uj(d)+α∗Uj(D)+P˜
(α,j+(α,γ))(D)+d˜∏
m=1
(α∗Uj + P˜
(α,j+(α,γ)) −mχ
k
) =
k∏
m=1
(α∗Uj + P˜
(α,j+(α,γ)) −mχ
k
)×
Uj(d)+γ∗Uj(D)+P˜
(α,j+(α,γ))(D)−0+α∗Uj(D)−γ∗Uj(D)+d˜−k∏
m=1
(γ∗Uj −mχ
k
),
for j ∈ α ∩ γ,
Uj(d)+α∗Uj(D)∏
m=1
(α∗Uj −mχ
k
) =
1×
Uj(d)+γ∗Uj(D)∏
m=1
(γ∗Uj −mχ
k
),
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Uj+ (d)+α
∗Uj+ (D)+P˜
(α,j+(α,γ))(D)+d˜∏
m=1
(α∗Uj+ + P˜
(α,j+(α,γ)) −mχ
k
) =
k∏
m=1
(0−mχ
k
)×
Uj+ (d)+γ
∗Uj+ (D)+P˜
(α,j+(α,γ))(D)−0+α∗Uj+ (D)+γ
∗Uj+ (D)+d˜−k∏
m=1
(γ∗Uj+ −m
χ
k
),
c1(L)(D)+P˜
(α,j+(α,γ))(D)+d˜∏
m=1
(c1(L) + P˜
(α,j+(α,γ)) +m(−χ/k))
=
k∏
m=1
(c1(L) + P˜
(α,j+(α,γ)) −mχ
k
)×
c1(L)(D)+γ∗Uj(D)+P˜
(α,j+(α,γ))(D)−0+α∗Uj(D)−γ∗Uj(D)+d˜−k∏
m=1
(c1(L) + 0−mχ
k
),
(QDqP
α(D)q˜P˜
(α,j+(α,γ))(D))qdq˜d˜ = q˜−kqkdα,γ × (QDqP γ(D)q˜0)
qd−kdα,γ+P
α(D)−P γ(D)q˜d˜+k+P˜
(α,j+(α,γ))(D)−P˜ γ(D),
exp
(
−(P
αt + P˜ (α,j+(α,γ)) t˜)k
χ
)
exp(dt+ d˜t˜)
exp(P α(D)t+ P˜ (α,j+(α,γ))(D)t˜) = 1 × exp
(
−(P
γt+ 0t˜)k
χ
)
exp
[
dt+
(
d˜+ k + P˜ (α,j+(α,γ))(D)− 0 + α∗Uj(D)− γ∗Uj(D)
)
t˜
]
exp(P γ(D)t+ 0t˜).
In the last equality we use (P˜ (α,j+(α,γ)) − 0)/χ = −1 from 2.2.
Factors on the R.H.S. which come before the multiplication sign “×” form
the recursion coefficients q˜−kCoeff(α,j+(α,γ)),γ(k). Factors which come after
the multiplication sign form the term of the series Fγ evaluated at z = −χ/k
and with the summation index d˜ replaced with d˜ + k + P˜ (α,j+(α,γ))(D) − 0
and d replaced with d− kdα,β + α∗Uj(D)− γ∗Uj(D). Reversing this change
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in the summation indices, we conclude that
π⊥Res
z=
(α,j+)
∗P˜
k
F(α,j+)(z) dkz = i∗Aq˜
−kqkdα,βCoeff(α,j+(α,γ)),γ(k)F
γ(
(α, j+)
∗P˜
k
),
as required. Here we have used
π⊥
∑
d˜∈Z,D∈MC(B)
(q˜et˜)d˜QD(i∗A(−χk )htA(D
′)FDe(·),L(−χk , τ) +GDA(−χk , τ))
i∗A
∏c1(L)(D)+d˜
m=1 (c1(L)−mχk )
=
i∗A
∑
d˜∈Z,D∈MC(B)
∏c1(L)(D)
m=1 (c1(L)−mχk )∏c1(L)(D)
m=1 (c1(L)−mχk )
× (q˜e
t˜)d˜QD(−χ
k
)htA(D
′)FDB(−χk , τ)∏d˜
m=1(c1(L)− c1(L)(D)χk −mχk )
.
7 Mirrors
Our goal is to verify condition (1.b), (1.a) of Theorem 2.
Proposition. For each element D˜ ∈ Kerπ∗, let ΦD˜(τ1, . . . , τB) be a poly-
nomial in coordinates τ1, . . . , τB along H
2(B), with coefficients in Q(λ). Set
Φ(τ1, . . . , τB) :=
∑
D˜∈Kerπ∗
(qet)d(q˜et˜)d˜ΦD˜(τ1, . . . , τB). Then, for each smooth
family F(−z, τ) ⊂ LB ( ⊂ LA respectively)
eΦ(z∂τ1 ,...,z∂τB )/−zF(−z, τ)
is contained in LB ( LA respectively).
Proposition. For each element D˜ ∈ Kerπ∗, let ΦD˜(x; τ1, . . . , τB) be
a polynomial in coordinates τ1, . . . , τB along H
2(B) whose coefficients are
smooth functions of x valued in Q(λ). Set Φ(x; τ1, . . . , τB) :=
∑
D˜∈Kerπ∗
(qet)d
(q˜et˜)d˜ΦD˜(x; τ1, . . . , τB). Suppose that, in a neighborhood of a given critical
point of Φ(x), the Taylor series of Φ(x) converges, when q, q˜, t, t˜, λ are valued
in certain open sets of complex numbers. Then, for each smooth family
F(−z, τ) ⊂ LB ( ⊂ LA respectively) the stationary phase asymptotics of the
integral ∫
eΦ(x;z∂τ1 ,...,z∂τB )/−zF(−z, τ)dx
is contained in LB ( LA respectively).
7.2. The Quantum Riemann–Roch theorem. Let L and Ltw be the
overruled Lagrangian cones respectively: of genus 0 Gromov–Witten theory
of a target manifoldM , and of such a theory twisted (in the sense of Example
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1.5) by a line bundle over M with the equivariant 1st Chern class ν. The
cone L lies in the symplectic loop space (H,Ω) based on the Poincare´ pairing
(a, b) =
∫
M
ab, while Ltw lies in (H,Ωtw) based on (a, b)tw = ∫
M
ab/ν. The
linear map (H,Ωtw)→ (H,Ω) defined by f 7→ f/√ν is a symplectomorphism.
The well-known asymptotics of the logarithm of the function
Γ(z, ν) =
√
ν
2πz
∫ ∞
0
e(−x+ν lnx)/zd lnx =
√
ν
2πz
zν/zΓ(ν/z),
where Γ(ν/z) is the Euler Gamma-function, is given by
Γ̂(z, ν) = exp
{
−ν + ν ln ν
z
+
∞∑
m=1
B2m
2m(2m− 1)
(z
ν
)2m−1}
,
where B2m are bernoulli numbers.
Theorem ([5] ).
L =
√
ν−1Γ̂(z, ν)Ltw.
In order to reach our goal, it therefore suffices to represent each of∏
j /∈γ
√
γ∗U−1j Γ̂(−z, γ∗Uj)
 γ∗IEα(A)(z),√α∗U−1j+ Γ̂(−z, α∗Uj+) ∏
jj 6=j+
√
(α, j+)∗U
−1
A,jjΓ̂(−z, (α, j+)∗UA,jj)
×
(α, j+)
∗IEα(A)(z),
and
 ∏
jj 6=[1,~0]
√
(α, [1,~0])∗U−1A,jjΓ̂(−z, (α, [1,~0])∗UA,jj)
 (α, [1,~0])∗IEα(A)(z)
in the form described by the −z → z version of the Proposition. More
precisely, we represent these series as
q−P
ε/z q˜−P˜
ε/z × (the form in the −z → z version of the Proposition).
Given any ρ ∈ H2(B) and any scalar θ, the multiplication by e−θρ/z is the-
exponential of the operator −θ∂ρ +
∑
iQiρi∂Qi which lies tangent to the
Lagrangian cone of the base, by the Divisor equations.
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7.3. Mirrors. Firstly, consider when the base is the point, in which case
there is no T -fixed stratum (α, [1,~0]). The generalization to arbitrary base
will follow from the
Lemma. For each λ ∈ H2(BT,Q), ρ ∈ H2(B,Q) and F satisfying the
string and divisor equations,
z∂λ+ρF(z, t) =
∑
D
(λ+ ρ+ zρ(D))QDFD(z, t).
Proof. From the point of view of the cohomology of the base, λ is a scalar.
The l-blowup case.
Define f : (C∗)N+l → C to be the multivalued function
f(x1, . . . , xN , y1, . . . , yl) =
l∑
a=1
ya +
N∑
j=1
xj + λj ln xj .
Introduce the complex submanifold
V = {(x1, . . . , xN , y1, . . . , yl) |
N∏
j=1
x
mij
j
l∏
a=1
y
mi(N+a)
a = vi, i = 1, . . . , K + l}
of (C∗)N+l, where
(mij) =

(mαia) (m
αˇ
ib) 0K×l
0 · · · 0 1 · · · 1
...
...
...
... −Il
0 . . . 0 1 . . . 1

,
mαia := (mα)ija for all a = 1, . . . , K, and
vi =
{
qie
ti i = 1, . . . , K
q˜i−Ke
t˜i−K i = K + 1, . . . , K + l.
When the base is the point and l = 1, these are the defining equations of
the blowup of the fiber at the fixed-point α. Thus, Corollary can be thought
of as a bridge between the toric bundles theorem [4] and our Main Theorem.
In the sequel, consider the 1-blowup case for ease of readability.
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For each γ ∈ ETα(A), in connection with the Proposition, consider the
oscillating integral
q−P
γ/z
(
1√
2πz
)N−K
×∫
Uγ⊂V
ef(x,y;z∂Λ)/z
d ln y
d ln q˜et˜
d lnx1 ∧ · · · ∧ d lnxN
d ln q1et1 ∧ · · · ∧ d ln qKetK FB(z, τ),
where Uγ ⊂ V is the non-compact cycle RN+1−(K+1) parametrized by {xj}j /∈γ .
The differential operators may be processed at each order of the series F(z) =∑
DQ
DFD(z). Let x(γ) ∈ Uγ be the critical point of f |Uγ(x, y; Λ) defined
by the condition that its truncation modulo Novikov’s variables is given by
xj = γ
∗Uj ∀j /∈ γ. More precisely, for each j /∈ γ, xj(γ) admits a series
expansion of the form γ∗Uj+O({qdq˜d˜}D˜∈Kerπ∗) which solves the critical point
equations, with the caveat that in the case γ = α˜(B \A) an extension of the
Novikov ring of Eα(A) is needed for the expansion.
Multiply on both sides of the linear system6
0
(mib)
...
0
0 · · · 0 1 · · · 1 −1
 =

ln q1e
t1
...
ln qKe
tK
ln q˜et˜

by 
0
(mγia)
−1 ...
0
0 · · · 0 1
 .
This gives the linear system
0
(mγia)
−1(mib)
...
0
0 · · · 0 1 · · · 1 −1
 =

∑K
i=1(m
−1
γ )j1i ln qie
ti
...∑K
i=1(m
−1
γ )jKi ln qie
ti
ln q˜et˜
 ,
6Here and in the sequel, the index range is implicit. In particular, i ≤ K and b ≤ N
on the LHS. The system variables lnx1, . . . , lnxN , ln y are in correspondence with the
columns of the LHS.
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whose K ×K submatrix with columns j1, . . . , jK ∈ γ in the upper K rows
is the identity matrix.
For each γ ∈ ETα(A), ja ∈ γ we have
ln xja = −
∑
j /∈γ
K∑
i=1
[
(m−1γ )jaimij
]
ln xj+
K∑
i=1
(m−1γ )jai ln(qie
ti),
xja =
(
K∏
i=1
(qie
ti)(m
−1
γ )jai
)∏
j /∈γ
x
−
∑K
i=1[(m
−1
γ )jaimij]
j , and
exp(xja/z) =
∞∑
nja=0
(∏K
i=1(qie
ti)nja (m
−1
γ )jai
)∏
j /∈γ x
−
∑K
i=1[nja (m
−1
γ )jaimij]
j
nja !z
nja
.
Identify nja →
{
Uja(d) ≥ 0 , ja ∈ γ ∩ α
Uja(d) + d˜ ≥ 0 , ja ∈ γ ∩ αc and identify n → −d˜ ≥
0. The RHS of the identification is nonnegative in view of the characterization
of the Mori cone of Eα(A) in section 6. The solution set to the above system
of inequalities defines a proper in general subset S ⊂ Kerπ∗ provided that
γ 6= α˜(B \ A).
Finally, do the elementary row operations that put a zero in the last row
of the jth columns for each index value of j = 1, . . . , N for which j ∈ γ, and
rewrite the exponential of
y = (q˜et˜)−1
∏
j /∈α
xj
in terms of {xj}j /∈γ :
exp(y/z) =
∞∑
n=0
yn
n!zn
=
∞∑
n=0
(q˜et˜)−n
∏K
i=1(qie
ti)n
∑
ja∈αc∩γ
(mγia)
−1
n!zn
× ∏
j∈α∩γc
x
−
∑
ja∈γ∩αc
∑K
i=1(m
γ
ia)
−1mij
j
∏
j /∈α∪γ
x
1−
∑
ja∈γ∩αc
∑K
i=1(m
γ
ia)
−1mij
j
n .
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Hence the factor exp[(y+
∑
ja∈γ
xja)/z] of the integrand e
f/z assumes the
form
exp(y/z)
K∏
a=1
exp(xja/z) =
∑
(d,d˜)∈S
(qet)d(q˜et˜)d˜∏−d˜
m=1mz
∏
j∈γ∩α
∏Uj(d)
m=1 mz
∏
j∈αc∩γ
∏Uj(d)+d˜
m=1 mz
∏
j /∈γ
x
−Uj(d)
j
∏
j /∈α∪γ
x−d˜j .
Multiplying by λja on the ln xja formula and summing over a = 1 . . . , K gives
K∑
a=1
λja ln(xja) = −
∑
j /∈γ
K∑
i,a=1
(m−1γ )jaiλjamij ln xj +
K∑
i=1
P γi ln(qie
ti) =
−
∑
j /∈γ
(γ∗Uj + λj) ln xj +
K∑
i=1
P γi ln(qie
ti).
Combining the ingredients of
f |Uγ(x, y;λ) = y +
K∑
ja∈γ
(xja + λja ln xja) +
∑
j /∈γ
(xj + λj ln xj),
we obtain
ef |Uγ (x,y;λ)/z =
K∏
i=1
(qie
ti)P
γ
i /z
∑
(d,d˜)∈S
(qet)d(q˜et˜)d˜∏−d˜
m=1mz
∏
j∈γ∩α
∏Uj(d)
m=1 mz
∏
j∈αc∩γ
∏Uj(d)+d˜
m=1 mz
×
∏
j /∈γ
exj/zx
−γ∗Uj/z−Uj(d)
j
∏
j /∈α∪γ
x−d˜j .
By applying the Lemma, we deduce the differential operator version
ef |Uγ (x,y;z∂Λ)/zFB(z, τ) =
∑
D∈MC(B)
K∏
i=1
(qie
ti)P
γ
i /z+P
γ
i (D)×
∑
(d,d˜)∈S
QD(qet)d(q˜et˜)d˜∏−d˜
m=1mz
∏
j∈γ∩α
∏Uj(d)
m=1 mz
∏
j∈αc∩γ
∏Uj(d)+d˜
m=1 mz
×
∏
j /∈γ
exj/zx
−γ∗Uj/z−γ∗Uj(D)−Uj(d)
j
∏
j /∈α∪γ
x−d˜j F
D
B (z, τ).
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Multiply the latter by
∏
j /∈γ d lnxj from the integrand, integrate by parts
using the Gamma-function identities, and take stationary phase asymptotics
to obtain ∏
j /∈γ
√
γ∗U−1j Γ̂(−z, γ∗Uj)
 γ∗IpreEα(A)(z),
where
γ∗IpreEα(A) = e
P γt/z
∑
D∈MC(B)
∑
d∈ZK ,d˜∈Z
(QDqP
γ(D))qdq˜d˜ed˜t˜edteP
γ(D)t∏
j∈{j+(α,β)|α∼β}
∏Uj(d)+γ∗Uj(D)+d˜
m=1 (γ
∗Uj +mz)
×
1∏
j /∈{j+(α,β)|α∼β}
∏Uj(d)+γ∗Uj(D)
m=1 (γ
∗Uj +mz)
×
1∏−d˜
m=1(mz)
FDB (z, τ).
The series γ∗IEα(A) of the Main Theorem is related to γ
∗IpreEα(A) by
γ∗ID,d˜,dEα(A)(z, t, t˜, τ, q, q˜, Q) =
zhtA(D
′)×
(γ∗IpreEα(A))
D,d˜,d(z, t, t˜, τ, q, q˜, Q)∏d˜
m=1(c1(L) + c1(L)(D)z +mz)
,
∀D ≤ D′.
Lemma. Given any complex line bundle L→ B, the series
∑
d˜∈Z,D∈MC(B)
(q˜et˜)d˜QDFDB(z, τ)∏d˜
m=1(c1(L) + c1(L)(D)z +mz)
is contained in LB for all formal values of t˜, τ, q˜, Q.
Proof. The cone LB is preserved by both numerator and denominator in
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the ratio of operators on the LHS of
∑
d˜∈Z
(q˜et˜)d˜
(∫
ex/zx
z∂c1(L)
z d lnx
)̂
(∫
ex/zx
z∂c1(L)
z
+d˜d lnx
)̂FB(z, τ) =
∑
d˜∈Z,D∈MC(B)
(q˜et˜)d˜QDFDB(z, τ)∏c1(L)(D)+d˜
m=c1(L)(D)+1
(c1(L) +mz)
=
∑
d˜∈Z,D∈MC(B)
(q˜et˜)d˜QDFDB (z, τ)∏d˜
m=1(c1(L) + c1(L)(D)z +mz)
,
wherêdenotes stationary phase asymptotics.
Henceforth denote FD,D
′
A (z, τ) = z
htA(D
′)i∗AF
D
e(·),L(z, τ) + G
D
A(z, τ). For
each (α, j+) ∈ ETα(A) in connection with the Proposition, consider the oscil-
lating integral
q˜−P˜
(α,j+)/zq−P
α/z
(
1√
2πz
)N−K+1 ∫
U
exp
(
x′ − lnx′(z∂c1(L) + z∂t˜)
z
)
d ln x′×∫
Uα,j+×U⊂V
ef(x,y;z∂Λ)/z
d ln y
d ln q˜et˜
d ln x1 ∧ · · · ∧ d lnxN
d ln q1et1 ∧ · · · ∧ d ln qKetK FA(z, τ),
where Uα,j+×U ⊂ V×C is the non-compact cycle RN+1−(K+1)×R parametrized
by {y} ∪ {xj}j /∈α, 6=j+ ∪ {x′}. The differential operators may be processed at
each order of the series F(z) =
∑
DQ
DFD(z). Then for each a ∈ H∗(A) and
b ∈ H∗(B) interpret ab to mean a(α, j+)∗b. Let x(α, j+) ∈ Uα,j+ × U be the
critical point of
x′ − ln x′(c1(L) + P˜ (α,j+)) + f |Uα,j+×U(x, y; Λ)
defined by the condition that its truncation modulo Novikov’s variables is
given by xj = (α, j+)
∗UA,j ∀j /∈ α, 6= j+, by y = (α, j+)∗Uj+, and by x′ =
(α, j+)
∗UA,[1,~0]. More precisely, for each j /∈ α, 6= j+, xj(α, j+) admits a
series expansion of the form (α, j+)
∗UA,j + O({qdq˜d˜}D˜∈Kerπ∗) which solves
the critical point equations. Similarly for x′ and y.
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Multiply on both sides of the linear system
0
(mαia) (m
αˇ
ib)
...
0
0 · · · 0 1 · · · 1 −1
 =

ln q1e
t1
...
ln qKe
tK
ln q˜et˜

by 
0
(mαia)
−1 ...
0
0 · · · 0 1
 .
This gives the linear system
0
I (mαia)
−1(mαˇib)
...
0
0 · · · 0 1 · · · 1 −1
 =

∑K
i=1(m
−1
α )j1i ln qie
ti
...∑K
i=1(m
−1
α )jKi ln qie
ti
ln q˜et˜
 .
Perform the K elementary row operations on both sides of the equation
which result in a 0 in the first K rows of the j+ column of the LHS. Then
for each ja ∈ α,
xja =
(
K∏
i=1
(qie
ti)(m
−1
α )jai(q˜et˜)−(m
−1
α )jaimij+
)
y−(m
−1
α )jaimij+×
∏
j /∈α
x
−
∑K
i=1[(m
−1
α )jaimij−(m
−1
α )jaimij+ ]
j , and
exp(xja/z) =
∞∑
nja=0
(∏K
i=1(qie
ti)nja (m
−1
α )jai(q˜et˜)−nja (m
−1
α )jaimij+
)
nja !z
nja
×
y−nja(m
−1
α )jamij+
∏
j /∈α
x
−
∑K
i=1 nja [(m
−1
α )jaimij−(m
−1
α )jaimij+ ]
j .
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Next,
xj+ = q˜e
t˜y
∏
j /∈α, 6=j+
x−1j , and
exp(xj+/z) =
∞∑
n=0
xnj+
n!zn
=
∞∑
n=0
(q˜et˜y
∏
j /∈α, 6=j+
x−1j )
n
n!zn
.
Identify nja → Uja(d) ≥ 0∀a = 1, . . . , K and identify n→ Uj+(d)+ d˜ ≥ 0.
The RHS of the identification is nonnegative in view of the characterization
of the Mori cone of Eα(A) in section 6. The solution set to the above system
of inequalities defines a proper in general subset S ⊂ Kerπ∗.
exp(xj+/z)
K∏
a=1
exp(xja/z) =
∑
(d,d˜)∈S
(qet)d(q˜et˜)d˜∏Uj+ (d)+d˜
m=1 mz
∏
j∈α, 6=j+
∏Uj(d)
m=1 mz
yUj+(d)+d˜
∏
j /∈α
x
−Uj(d)−d˜
j .
For each ja ∈ α we have
ln xja = −
∑
j /∈α, 6=j+
K∑
i=1
[
(m−1α )jaimij − (m−1α )jaimij+
]
ln xj+
K∑
i=1
(m−1α )jai ln(qie
ti)−
K∑
i=1
(m−1α )jaimij+ ln y −
K∑
i=1
(m−1α )jaimij+ ln q˜e
t˜.
Thus, we arrive at
N∑
j=1
(xj + ln xj)+
∑
j /∈α, 6=j+
λj ln xj −
∑
j /∈α, 6=j+
∑
ja∈α
K∑
i=1
λja
[
(m−1α )jaimij − (m−1α )jaimij+
]
ln xj+
∑
ja∈α
K∑
i=1
λja(m
−1
α )jai ln(qie
ti)−
∑
ja∈α
K∑
i=1
λja(m
−1
α )jaimij+ ln y−
∑
ja∈α
K∑
i=1
λja(m
−1
α )jaimij+ ln q˜e
t˜.
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For each j /∈ α, 6= j+,(
λj −
∑
ja∈α
K∑
i=1
λja
[
(m−1α )jaimij − (m−1α )jaimij+
])
ln xj =
−(α, j+)∗UA,j ln xj ,
while the third and fourth lines of the former is given by
K∑
i=1
P αi ln qie
ti − α∗Uj+ ln y − α∗Uj+ ln q˜et˜.
Combining the ingredients of
f |Uα,j+×U(x, y;λ) =y+
(xj+ + ln xj+)+
∑
ja∈α, 6=j+
(xja + λja ln xja) +
∑
j /∈a, 6=j+
(xj + λj ln xj),
we obtain
e
f |Uα,j+×U
(x,y;λ)/z
= (q˜et˜)P˜
(α,j+)/z
K∏
i=1
(qie
ti)P
α
i /z×
∑
(d,d˜)∈S
(qet)d(q˜et˜)d˜∏Uj+ (d)+d˜
m=1 mz
∏
j∈α
∏Uj(d)
m=1 mz
×
ey/zyP˜
(α,j+)/z+d˜
∏
j /∈α, 6=j+
exj/zx
−α∗Uj/z−P˜
(α,j+)/z−Uj(d)−d˜
j .
By applying the Lemma, we deduce the differential operator version
e
f |Uα,j+×U
(x,y;z∂Λ)/zFA(z, τ) =∑
D∈MC(B)
(q˜et˜)P˜
(α,j+)/z+P˜ (α,j+)(D)
K∏
i=1
(qie
ti)P
α
i /z+P
α
i (D)×
∑
(d,d˜)∈S
QD(qet)d(q˜et˜)d˜∏Uj+ (d)+d˜
m=1 mz
∏
j∈α
∏Uj(d)
m=1 mz
ey/zyP˜
(α,j+)/z+P˜ (α,j+)(D)+d˜×
∏
j /∈α, 6=j+
exj/zx
−α∗Uj/z−α∗Uj(D)−Uj(d)−P˜
(α,j+)/z−P˜ (α,j+)(D)−d˜
j F
D,D′
A (z, τ).
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Apply the operator
exp
(
x′ − lnx′(z∂c1(L) + z∂t˜)
z
)
to the latter to obtain the additional factor
x′−c1(L)/z−P˜
(α,j+)/z−c1(L)(D)−P˜
(α,j+)(D)−d˜.
Multiply the latter by d lnx′ d ln y
∏
j /∈α, 6=j+
d lnxj from the integrand, in-
tegrate by parts using the Gamma-function identities, and take stationary
phase asymptotics to obtain√α∗U−1j+ Γ̂(−z, α∗Uj+) ∏
jj 6=j+
√
(α, j+)∗U
−1
A,jjΓ̂(−z, (α, j+)∗UA,jj)
×
(α, j+)
∗IEα(A)(z),
where
(α, j+(α, γ))
∗IEα(A) = e
P˜ (α,j+(α,γ)) t˜/zeP
αt/z
∑
D∈MC(B)
∑
d∈ZK ,d˜∈Z
(QDqP˜
(α,j+(α,γ))(D)qP
α(D))qdq˜d˜ed˜t˜edteP˜
(α,j+(α,γ))(D)teP
α(D)t∏
j /∈{j+(α,β)|α∼β}
∏Uj(d)+α∗Uj(D)
m=1 (α
∗Uj +mz)
×
1∏
j∈{j+(α,β)|α∼β}
∏Uj(d)+α∗Uj(D)+P˜ (α,j+(α,γ))(D)+d˜
m=1 (α
∗Uj + P˜ (α,j+(α,γ)) +mz)
×
1∏−d˜−P˜ (α,j+(α,γ))(D)
m=1 (−P˜ (α,j+(α,γ)) +mz)
×
1∏c1(L)(D)+P˜ (α,j+(α,γ))(D)+d˜
m=1 (c1(L) + P˜
(α,j+(α,γ)) +mz)
FD,D
′
A (z, τ).
∀D ≤ D′.
Let g(x, y; z∂Λ) denote the expression
y + yq˜et˜
∏
j /∈α
x−1j +
∑
j /∈α
xj + ln xj(z∂α∗Uj + z∂P˜ (α,[1,~0])) +
K∑
i=1
ln(qie
ti)z∂Pαi +
(ln(q˜et˜)− ln y)z∂P˜ (α,[1,~0]) +
∏
j /∈α
(
K∏
i=1
(qie
ti)(m
−1
α )jai
)
x
−
∑K
i=1(m
−1
α )jaimij
j .
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Let (d, d˜) index the solution set of degrees in section 6, in the case ε =
(α, [1,~0]). Then,
e
g(x,y;z∂Λ)
z FA(z, τ) =∑
D∈MC(B)
(q˜et˜)P˜
(α,[1,~0])/z+P˜ (α,[1,
~0])(D)
K∏
i=1
(qie
ti)P
α
i /z+P
α
i (D)×
∑
(d,d˜)
QD(qet)d(q˜et˜)d˜∏d˜
m=1mz
∏
j∈α
∏Uj(d)
m=1 mz
ey/zyP˜
(α,[1,~0])/z+P˜ (α,[1,
~0])(D)+d˜×
∏
j /∈α
exj/zx
−α∗Uj/z−α∗Uj(D)−Uj(d)−P˜ (α,[1,
~0])/z−P˜ (α,[1,~0])(D)−d˜
j F
D,D′
A (z, τ).
Multiply by d ln y
∏
j /∈α d lnxj from the integrand, integrate by parts
using the Gamma-function identities, and take stationary phase asymptotics
to obtain ∏
jj 6=[1,~0]
√
(α, [1,~0])∗U−1A,jjΓ̂(−z, (α, [1,~0])∗UA,jj)
 (α, [1,~0])∗IEα(A)(z),
where
(α, [1,~0])∗IEα(A) = e
P˜ (α,[1,
~0]) t˜/zeP
αt/z
∑
D∈MC(B)
∑
d∈ZK ,d˜∈Z
(QDq˜P˜
(α,[1,~0])(D)qP
α(D))qdq˜d˜ed˜t˜edteP˜
(α,[1,~0])(D)teP
α(D)t∏
j /∈{j+(α,β)|α∼β}
∏Uj(d)+α∗Uj(D)
m=1 (α
∗Uj +mz)
×
1∏
j∈{j+(α,β)|α∼β}
∏Uj(d)+α∗Uj(D)+P˜ (α,[1,~0])(D)+d˜
m=1 (α
∗Uj + P˜ (α,[1,
~0]) +mz)
×
1∏d˜
m=1(mz)
∏c1(L)(D)−d˜
m=1 (c1(L) +mz)
FD,D
′
A (z, τ).
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